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FIXED AND PERIODIC POINTS UNDER SET-VALUED MAPPINGS 


KALISHANKAR TIWARY 


Department of Mathematics, Vivekananda Mission College 
Chaitanyapur (Haldia) 721645, West Bengal 


AND 


B. K. LAuiri 
Department of Mathematics, Kalyani University, Kalyani 741235, West Bengal 


(Received 2 June 1987; after revision 23 October 1987) 


In this paper we prove some theorems on fixed and periodic points of set- 
valued mappings in a metric space which are generalisations of some of the 


works of Edelstein [J. Lond. Math. Soc. 37 (1962), 74-79] and Ciri¢ (Fund. 
Math. 120 (1984), 223-28] on point-valued mappings. 


1. INTRODUCTION 


Let X be a metric space with metric d and B (X) be the family of all non-empty 
bounded subsets of X. A set-valued mapping F: ¥ ~ B(X) is said to have a fixed 
point z € Xifz € Fz {(Nadler™, Kaulgud and Pai’*}). Using this definition, Kaulgud 
and Pai'® have generalized a number of theorems of Kannan’®-’’, on point-valued 
mappings. Pursuing with this idea, Fisher’~* proved some results on fixed point and 
common fixed point of set-valued mappings which are generalizations of the results of 
Ciric? and Fisher®. 


If 7: X — X is a point-valued mapping, Edelstein’ proved a fixed point theorem 
for a contractive operator and a periodic point theorem for a ¢-contractive operator, 


the latter result being recently generalised by Ciric® using the concept of well-locally 


contractive operators. Ciric® also showed that in addition to well locally contractive- 
ness if one assumes certain other hypothesis, then a periodic point turned out to bea 
fixed point. In this paper we attempt to generalize these theorems to set-valued 
mappings. It may be noted that the concept of («, A) uniformly local contractive- 
ness of Edelstein’ has been generalised to set-valued mappings by Nadler’. 


If A, B € B(X) then to investigate the existence of fixed point for set-valued 
mappings, some authors used Hausdorff metric D (A, B)(Nadler', Kaulgud and Pai *) 
while others used 6 (A, 8) = sup {d (a,b): aE A, OE B} (Fisher’”’). Here we adhere 
to the Hausdorff metric D (A, B) because use of the distance 5 (A, B) becomes ineffec- 
tive in our cases as it appeared to be applicable only to isolated sets, a very special 
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case. A mapping f: X > X is called contractive? if d[f(p), f(9—)] <4(p, q) for 
all p, g © X, p # q and «-contractive® if there exists « > 0 such thatd[f(p), f(q)] 
< d(p,q) for all p, q € X, p # q and whenever d(p,q)<«. 


A mapping f: X > X is called well locally contractive® if for each u € X there 
exists a sphere S (u, r (u)) such that x,» € S (wu, r (u)) with x # y implies 


d (Tx, Ty) < d (x, y) and Tx, Ty E€ S (v, r (¥)) 
for some v € X, 


Let {A,},n = 1, 2, 3, ... be a sequence of non-empty subsets of X. The sequence 
{A,} is said to converge® to the subset A of X if (i) each point ain A is the limit of a 
convergent sequence {a,}, where a, € A, forn = 1, 2,3, ... (ii) for arbitrary « > 0, 
there exists an integer N such that A, C A(e) for n > N, where A(e) denotes the set of 
all points x in X for which there exists a point @ in A, depending on X, such that 
d(x,a)<, Theset A is then said to be the limit of the sequence {4,}. 


The mapping F : X — B (X) is said to be continuous® at x € X if whenever {x,} 
is a sequence of points in Y converging to x, the sequence {Fx,} in B (X) converges to 
Fx in B(X). We say that F is a continuous mapping of X into B (x) if it is continuous 


at each point x in ¥. The symbol Cpt (X) wi!l stand for the family of all non-empty 
compact subsets of YX. 


2. LEMMAS 


Lemma \—Let F: X > B(X) be such that D (Fx, Fy) < a (X%,.¥). 9%, ) Ge. 
x #y. Then Fis continuous. 


Proor : Let x, > x. We may clearly suppose that x, + x for all large n. Let 


¢ > 0 be arbitrary. There exists a positive integer N such that 
D (Fx,, Fx) < d (x,, x) < eforn>N. 


So, Fx, C Fx (e) and also Fx C Fx, (€) forn > N and this shows that Fxn 


| — Fx as 
n — eco and the proof is complete. 


Lemma 2—TIf {A,} and {B, 


} are sequences from B (X) which converge a 
vely to the sets A and BE B (X) ( ge respecti 


then the sequence {D (4,, B,)} converges to D (A, 8). 


Proor : Lete > 0 be arbitrary. There exists a Positive integer N such that 


D (A,, A) < ¢/2 and D (B,, B) < ¢/2 forn > N. 
By using the triangle inequality, we see that 


| D(A,, B,) D(A, B) | < D (A,, A) ss Daa B) 
and the proof follows. 


Lemma 3—If x, © X then x, © Fx), meee. 


-. can be so selected that 
d (Xn, Xn+1) <D (Lxn=15 ye 2) 
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where F: X + Cpt(X). 


PROOF: Let x» © Xand x, € Fxy. Then by Nadler !*, there exists x. € Fx, 
such that 


d (x1, X2) < D (Fx, Fx). 

Since x, € Fx,, there exists in the same way an element x3 € Fx, such that 
d (X., X3) < D(Fm, Fx.) 

and in this way we can find a sequence {x,} in X such that 
tae Ge) x Px) ieee lie, 3," .: 


where x, € Fx,-, and the proof is complete. 


3. Fixep Point THEOREM 
Theorem 1—Let F: X — Cpt (X) be such that 
D (Fx, Fy) < d(x, y); xyE X;x # y. ot) 
If the sequence {x,} of Lemma 3 has a convergent subsequence {x,,} say, then 
there exists a fixed point of F. 


Proor: If x, = Xn4; for some n then X,41 € Fx, implies x, € Fx, and hence 
there is a fixed point. So we suppose that x, # X,41 for any value of m and we show 
that € = lim x,, € Fé. 


i—oo 
If possible, suppose that € & Fé. Let Y be the subset of X x X defined by 
Y=XxxX-A 


where A = {(x, y) © X x X: x = y}. We define a real-valued function of two vari- 
ables on Y by 


f (p,q) — TIER Sal age v. 2) 





Using Lemmas 1 and 2 we easily see that f (p,q) is continuous on Y. Since & & F& 
and F& € Cpt (X), d(é, F&) > 0. 


Since X,,41 © Fxa,, by Nadler there exists an element » € Fé such that 


d (Xnj+1 7) < D (FXnj Fé) < a(x; E) —> Oasi > co 


if x,, ~ & for all large 7. If, however, x,, = & for all large /, then x,,41 € Fx, = FE 


and because F & is compact, there exists a subsequence of {xX,,4:} Which converges to a 


point of F &. In this case we take y to be this point. Without loss of generality, we 
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may therefore assume that x,,  & for all largei. By (2), f(p, 7) < 1 for (p, gq) E Y 


and so f (E, 1) < 1. Since f(p, q) is continuous at (&, 7), there exists an open sphere U, 
say around (£, 1) such that for (p, q) € U, 


0<f(p,q)<R< 1. ...(3) 


There exist two open spheres S, = S, (&, «) and S, = S, (yn, «) such that S, x S, C U 
where 0 < « < 1/3 d(&, y). So the open spheres S, and S, are disjoint. 


Since x,, > § and x,,,1 > 7 a8 i > oe, there exists a positive integer N such that 
(Xe Ang) 2 Oni ...(4) 

and so from (3), f (Xn; Xnj+i1) < Rfori> WN, i.e., 
Dil Xe kati td (ean eae) mas be) 


Let1 >j >WN. A repeated use of (1) and (5) yield 


4 (Ge; %4)'S D (FxX5 =i, PX) 8 Oe ee 
/ / 1 1 I I 


< D (Fx, =<9 Fx, -1) =< d (%n —2» Xn -a) 
/ / 


a 
< D (Fx, ’ Fx, 41) < Rd (Xn » Xn +1) 
eat | Laud 1-1 tJ 
a Se 
< RD (Fx, ’ FXn41) < R? d (x, 9 Xn +1) 
| oy 1-2 I-92 
= co, because R < 1. 


Ri" d (X,, Xn 41) >Oasl > 
j J 


But this is a contradition to (4). Henceé € FE and so & is a fixed point of F. This 
completes the proof of the theorem. 


4. Psriopic Point THEOREM 


Let F: X > Cpt (X). Let x» © X and x, be an arbitrary point from Fx. By 
(Nadler'4} there exists a point x. € Fx: such that 


a(x, Xs) = D (Fx, Fx1). 
Since x, € Fx,, similarly there exists an element u € Fx, such that 


d (m1, %) < D (Fx,, Fx). -++(6) 
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Let G, be the collection of all such points uv € Fx, for which (6) holds. Clearly 
G, is compact and so we can find an element vu, € G, such that 
d (x, U1) < D (F xo, G,). 


Let Fxo = Gp. If D(G), G.) & D (Fxy, Fx.) then it may be verified that the distance 
between any two points of x,, X2., u, (= X3, say) does not exceed the Hausdorff dis- 
tance between the corresponding sets Fx», Fxi, Fx. 


Since Fx3 is compact, there exists an element vy € Fx, such that 
d(x, ¥) = D (Fx, Fx). sel?) 


Let G3 be the collection of all such points v € Fxs for which (7) holds. Since, as 
may be seen, G; is compact, there exists an element 1 € G, such that 


d (x, ¥;) & D (Go, Gs). ...(8) 
Let G} be the collection of all such points », € Gs for which (8) holds. By similar re- 
asonings, there exists an element ¥, € G3 such that 

d (Xe, Vo) S D (ixe 3) =D (Gi, G3) 


where Fx, = G,, say. If D (Go, Gs) < D (Fxo, Fx3) and D (Gi, G3) <D (Fm, Fx;) 
then it may be seen that the distance between any two points of x, X2,X3, V2 (= Xs 
say) does not exceed the Hausdorff distance between the corresponding sets Fx, Fx, 
Xs; Fxs. 


Proceeding in this way if we suppose that D(Gi, G;)) < D (Fx, Fx;), i = 9, 

j = 1,2,. and D (Gi, G, ) < D (Fx, Fx;), (A) 

i= 1,2,3, ...j = 3,4, .. andi < j, then we can construct a sequence {x,} such 
that x, € Fx,-; and 

d (Xk, X,) < D(FXxt-1) FX) KAS = 1,2,» ...(B) 


Note 1: It may be noted that for a point-valued mapping F the relation (A) 
holds automatically. 


We now introduce the following definitions. 


Definition 1—A mapping F: X¥ > B (X) is said to satisfy condition (C) if for 
each u € X there exists an open sphere S (u, r (u)) such that x, y € S(u, r (u)) with 
x ~# yimplies D (Fx, Fy) < d(x, y) and Fx, Fy C S(,r (v)) for some v € X. 


Definition 2—Letu € Xand let u, © F ux-;,Uo = 4. Then u is said to be a 
periodic point of F ifu € Fux-, for some k > 1. 


For k = 1,u is fixed point of F. 
Theorem 2—Let F:X—>Cpt (X) satisfy condition (C) and suppose that a sequence 
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{x,} has been constructed satisfying (B). If {x,} has a convergent subsequence {x, ,} then 
F has a periodic point. 


Proor: If forsomen and k, x, = Xn4x% then X, = Xn+k © FXn4x-; and hence 
the theorem is obtained. So we suppose that x, # X,4« for anynandk. Letu = lim 


ia© 
n,- We show that u is a periodic point of F. Because of the preceding remark, we 
may assume that x,, ~ u for all largei. If possible, suppose that u is not a periodic 


point of F, i.e.,u & Fux-, for any k > 1, where ug_, © Fux_. and uy = u. 


x 


Since F satisfies condition (C) and x,,41 € Fx,,, by (Nadler) there exists a point 


u, © Fu such that 
d (Xace1s 41) & D (Fx,,, Fu) < d(x,,, u) 


and Fx,,, Fu C S(v,r(v)) for somev € X¥. Again as x, 42 © Fx, 4,, there exists a 
i i 


point uv, in Fi, such that 
d (%n +25 up) < D (FXn +1 Fu,) Sei d (x, +15 u;) 
1 


and FXy 41; Fu, C S(w, r (w)) for some w € X. By the way of induction we can find 
an element uz, © Fux-; such that 

d (Xn +ks ux) & D (Fxn 4-15 Fur-1) < d (Xn 4k-15 Uk-1) < ... <d (x,, u) 
for all large i, : ; 
This gives that 


1 


lim d (Xn +h us) = 0, fork = 1, 2, 3, ... «+(9) 
Since ae Xn, =U, we select two positive integers p and k such that 
Xp» Xp4k E S (u,v (u)) and d (xp, xp4x) <tr(u). ...(10) 
Since F satisfies condition (C), forn = P+ 1 we have 
d (Xny Xnak) = A (Xp41, Xprngi) < D (Fxp, Fxpjx) 
<4 (Xp, Xp44) and Frxp, Fxpan C S(g,r (g)) 
for some g € YX. So, Xpt+i» Xpeky1 © S (g, r (g)) and this implies that 
A (Xp4o, Xp+ky2) < D (Fxp41, Fxiake) < d (Xp41, Xp4ki) 
ONG Frais Xp ka eeS (A,r (h)) for some hh € YX and so 
d (Xq» Xnik) < d (Xp, Xpyx) for n pt+2. 
By induction we can show that (10) implies 


A(X Xnvk) << d (Xp, Xpex) for n > Pp (11) 
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and so 
B (Xnys Xue) < d (Xp, Xpi%) for m > p. 
Passing on limit as i > oc, we have using (9) 
d (u, uk) < d (Xp, Xp+k)s 
i. @., d(u, uk) < $7 (u) and this implies that uz € S (u, 4r (u)). 
Since u & Fuy,-; and ux © Fux_,, we have u # ux. Then 


d (tu, Uk) Kd (u,, Xn +1) +d (Xn 415 Xnpekta) bs d On tht» Uk41) 
< D (Fu, FX, ) + D (Fx, F FXn 4) + D (FXn tks Fux) 
< D (Fu, Fxn) + D (Fxn, Fu) + D (Fu, Fur) 

+ D(Fu, FXn +4) + D (Fen +ks Fu) 
< dtu, Xn) +d (Xn » u) + D (Fu, Fur) 


+ d (ux, Xn +k) +d (Xn, sks We) for all large i. 

Passing on limit as i > o°, we obtain from (9) 

d (u,, Uxy;) < D (Fu, Fux) 

< d(u, ux) 

and Fu, Fu, C S(f,r(f)) for some f € X. Similarly 

d (Uo, Uk42) < d (u, ux) 
and by induction we can show that 

d (Un, Ungk) < d (u, ux) for all n. va(12) 
We now show that x, € S (u, 4 r(u)) for n > p implies 

Xngky Xny2k © S (u,r(u)) forn > p. 213) 
By (11) we have d (u, Xn44) & d (us Xn) + 4 (Xny Xn+K) 

< 4r(u) + d (Xp, Xp4x) forn > P, 

and 

d (tu, Xn42k) < d (uy Xnak) +d (Xnpks Xnpkrk) 


< d(u, Xnzx) + 4 (Xp, Xp4e) for n > p. 
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Hence as d (Xp, Xpax) < 1/3 7 (u), we obtain that 
d (u, Xnak) < 2/3 7 (Uw); d (u, Xnyox) < ru). 
Thus (13) is proved. 
Now as lim Xn, = u, we may clearly suppose than m > P and Xn, E S(u, 1/3 
r(u)). Then By (13), for a fixed n, we have x, tks Xn tak € S (u, r (u)). This implies, as 
(10) implies (11), that 


d (Xny Xnpk) < 4 (Xnjsks Xngo2k) for all n > ni + k, 


Hence as d (u, ux) is a limit point of {d (xn, ers i} eae 
d(u, Ur) <4 (Xn,4ks Xnj+2k) 
Passing on limit as i > °°, we have 


d (u, ux) < d (ux, rk) 
which contradicts (12) for n = k. This shows that u € Fux-1 for some k where uyp=u. 
Hence u is a periodic point of F and this completes the proof of the theorem. 


Corollary 15—Let F: X > Cpt (X) be such that D(Fx, Fy) < d(x, y),x,yE X, 
x * y and whenever d(x, y) < «, « > 0 and suppose that a sequence has been const- 
ructed satisfying (B). If {x,} has a convergent subsequence {x,,} then F has a periodic 


point. 


The Corollary is a genaralisation of Edelstein’s theorem on point valued mapping. 


5. Frxep POINT FROM PERIODIC POINT 


In this section we shall examine when a periodic point of a set valued mapping 
F satisfying the condition (C) is a fixed point of F. For this we require the notion of 
convexity in the sence of Menger’. A subset M of X is said to be convex if for every 
pair of points x,y € M there exists a point z € M such that d(x, y) = d(x,z) + 
d(z, y). Menger’s theorem’ states that a convex and complete metric space contains 
together with x, y also a metric segment whose extremities.are x and y; in other words 
a subset isometric to an interval of length d (x, y). 


Theorem 3—Let X be a complete convex metric space and Jet F: ¥ ~ Cpt (X) 
satisfy condition (C). Let {x,} be a sequence satisfying (8). If {x,} has a convergent 
subsequence {x,,} then F has a fixed point. 

Proor : It follows from Theorem 2 that F has a periodic point, sayuin X. We 


suppose that u is not a fixed point of F. i. e., u & Fu. Since Fu is compact, there exists 
an element w1 € Fu such that 


d (u, u ) = inf d s 0. 
Ue a (14) 
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Since XY is complete and convex, by Menger’s theorem! there exists a metric interval 
[u1, u] with the end points u,, « and isometric to an interval of length d (u,, u) and so 
[u;, u] is compact. Therefore there exists an « > 0 such that for any x, y € [u,, u] with 


d (x, vy) < «, there exists a sphere S(z,r(z)), say where x,y E S (z,r(z)) for some 
Zz € [u:, u]. We now take the metric interval 


Uy = Xo, X1y Xa, «0-5 Xm-1) Xm = U 
with d (x;-}, x)) < «for j = 1, 2, ..., m 


and 


d (um, u) = = d (Xj-1, X;). at) 


Since F satisfies condition (C), 
DEM Xa (75) Xie =_1, 2}, 
and Fx,_,, Fx; C S(w,r(w)) forsome w € X. 


Starting from a point x € Fxo, we obtain by using’! successively the points 


x € Fx,,r = 1, 2, ..., m such that 


d (e ? sy; ) S D es, FX); Qs — if ey soey MN ...(16) 


1 


and x, in Fx, depends on the choice of x;_, 


in Fx;_,, 7 = 1,2, ..., m. Similarly, 


starting from a point a3 in Fx, , we obtain the inequalities 


dat. )< D ( Fxt,, Fx! ) 17) 


1 


jis = 1,2, 4., mM. 


and x, in Fx; depends on the choice of xj_, in Fx 
In the same way for a positive integer k > 2 we can obtain a set of finite points 
Re ti eg a WA “ye! ...(18) 


respectively from 


k-2 k-2 k-2 
SEED ot 26 i Pere! sb: 


such that 


“AN ET ROLIOOY Moe a | aes 
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and pert in Fe depends on the choice of sie i in Fx', j = 1,.2, ...,.m. Since vis 
a periodic point, it follows thatu € Fx\~* for some k > 2. In (18) we may therefore 
assume that u = cate Also, since u is a periodic point, it follows thatu € oath 


k-1 


It is clear thatu,; © Fx, = Fu (since eo -—= yu). Sinceu € Fx , there exists a 


point Saher in co such that 


d(u, a) <D (#53 » Fx Set) 


m? “~m-) m—1? 


a(x; x* ) <D (#xf2 tae op ee :) , where xX = u, 

Again since x, is in Pye , > there exists a point x*_, in Fx* ~, such that 
i ; “fat ) < D (Fes LA Fxo ) 

and in this way there exists a point np in rae (= Fu) such that 
d( xt, x! )<p (AS It iE 

i.e. is short, 


d k k k= 
(x) tye )< D (Fx , aM ire me; ) ...(20) 


and the choi i - 
ice of the point x; _, in Bice depends on the choice of xe in Pex 


J= 1,2, ...,m:k > 2. Since XG € Fu, 


d(u,u)<d(u, te ) by (14). 
So, 


<4 (x rae ce 1) +a(x! he oe a) mers 


(equation continued on P. 727) 


d(u,,u) = d(u,u) Gd(u, x*) = @ (x! 4) 
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k k 
+ ...4 d(x aes ) <D (Fak C5 le )+0( Fx 


ie caer 
Ne eitap ) +..4 D ( xt fh te ) by (20) 
< a{ xi eh ) + dake ae ) Sieh 
+d ees, pena ), since F satisfies (C) 
=F Ek ; xe ) Piss: 19.0 exe , eaae ) 
+ (xk ri ) < D (Fai er ) staaee 


BAD (ats » Fx? ) + D ( Fee ) by (19) 
I Fxa PF e,) + D (FX, Fx) + os. ta DAF Xpia, Pte) 
4+. D (FX,—1, FXm), by (16) 

< d (Xo, X1) + d (X15 X2) +... +d (Xm-25 Xm-1) 

+ d (Xm, Xm) = d (uy, 4), by (15) 


which is not possible, Thus we arrive at a contradiction and hence u € Fu,i.e.,uisa 
fixed point of F. This completes the proof of the theorem. 
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The aim of the present paper is to study the existence, uniqueness, stability, 
boundedness and asymptotic behavior of solutions of functional integro- 
differential equations of the more general type in a Banach space. The method 
of successive approximation, comparison theorems and integral inequality of 
the more general type are used to establish our results. 


1. INTRODUCTION 


Let X be a Banach space with norm ||.|| and B (X) denotes the Banach space of 
all bounded linear maps on X, with the norm of uniform operator topology. Let Rt 
denote the non-negative real line, N denote the set of natural numbers and J, = [0.7], 
J=[-r,T], T> 0, r > O are constants. The sets of all continuous mappings from 
a topological space S into X and from a topological space S into R* are denoted by 
C (S; X) and C(S; Rt) respectively. If S = [a, b],a < b then these sets are endowed 
with the uniform topology. We denote the uniform norm on C = C ([—r, 0], X) by 
I|. ll. Ifx E C(J; X) andt € J, then x; denotes the element of C given by x; (6) = 


x(t + 6) for @ € [—r, 0]. Consider the functional integrodifferential equation of the 
form 


x(t) + A(t) x(t) =f (tx, i (ts Ly eae ae 
x = $(t), -r <1 <0 meray 


in a Banach space X where ¢ € C is given, x: J > XY, —A (t), for each t € Jo, is the 


infinitesimal generator of analytic semigroup, k : Jy Xx JoxC > Xandf:Jg X CK YX 
— X are continuous. 


The equations of this type commonly come across in almost all phases of physics 
and other areas of applied mathematics, see Belleni-Morante’, Burch and Goldetein? 
Friedman*, Nohel” and references listed therein. Many recent papers and site che 
have dealt with the existence, uniqueness and other Properties of solutions of special 
forms of eqn, (1.1)#-%4-167819| K artsatos and Parrott® have proved the existence of a 
unique strong solution of eqn. (1.1) when k = 0 and for each t € Jo, A (t) is m-accre- 
tive operator, by using the method of lines. Heikkila® has established the existence and 
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uniqueness of mild and strict solutions of the equation (1.1) when k = 0 by using the 
method of successive approximation and comparison principle. Ina series of papers 
Pachpatte **~!® has established several interesting results regarding the boundedness, 
stability and asymptotic behaviour of the solutions of equations of the form (1.1) with- 
out functional arguments when A (1), for each t € R*, is linear closed operator by 
assuming the existence of solutions and by using comparison principle and the integral 
inequality of the more general type given by Pachpatte’’. In view of the general form 
of (1.1), the study of the problems of existence, uniqueness and other properties of the 
solutions of (1.1) are quite interesting and deserves special attention. 


The main objective of the present paper is to study the existence, uniqueness, 
boundedness, stability and asymptotic behaviour of solutions of equation (1.1). The main 
tools employed in our analysis are based on the method of successive approximation, 
comparison theorems and the integral inequality recently established by Pachpatte’*. 
In fact, our resultsin the present paper are motivated by the recent papers of 
Heikkila®® and Pachpatte'*’. 

<> The paper is organised as follows. 


In section 2, we set up preliminaries and give the statement of the main results, the 
proofs of which are contained in sections 3, 4 and 5. In section 6, we give some appli- 
cations to illustrate some of our results established in sections 3, 4 and 5. 


2. PRELIMINARIES AND STATEMENT OF RESULTS 


Before proceeding to the statement of our main results, we shall set-forth some 
preliminaries from Heikkila®, Pachpatte’ and hypotheses that will be used in our sub- 
sequent discussion. 

First, we shall study the following integral equation 

+ 


x() =U EU ISL te 1 kG AxD Ad, FET 21) 


where u(t) € C (J, X), t* = max {t, O} and U: Jy x Jo > B(X) is strongly conti- 
nuous. i.e. (t, s) > U (t, s) x is continuous for eachx € X. By virtue of The Uni- 
form Boundedness Theorem, the constant M given by 


M = sup {\U(t, |): 0 <s St<T} .. (2.2) 
is finite. For x1, X» © C (Jo, R*), define x, < x, if and only if x(t) < x (1), t€E Ig: 
Given k € C (Jo X Jo X C, X), f E€ Co Xx C x X, X) we define a mapping / on 
C (J, X) by 


* Ss 
Fx (t) = J U(tt, )I(S, Xs J k (s, t, Xr) dt) ds, t € J. cu(2.3) 
@ 


Using this definition of F, the integral equation (2.1) can be expressed symboli- 


cally as 
x=uct Fx. ala) 
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Let {A (t): t © Jo} be a family of closed linear operators from a dense subset of 
X into X. Suppose that 
(C,) there exist « € a , x) and K > O such that [A J] + A (f)]"! exists, belongs to 


B(X) and ||[A 7+ A(T'll <aF1 whenever ¢ € J, and A is a complex number 
for which | arg A | < « (Here / denotes the identity operator of X). 


(C.) t > A (t) (A)s))“? is, for each s € Joa uniformly Holder continuous mapping 
from Jy into B (X), the Holder constant and exponent being independent of s € J. 


It is easy to observe that the operators—A (t) form a parabolic family i. e. —A (t), for 
each t € J,is the infinitesimal generator of an analytic semigroup (see Laddas and 
Lakshmikantham’, p. 59, Remark 3. 1. 1). From above conditions (C,) and (C,), it 
follows that the evolution equation 
u’(t) + A(t)u(t) =0 sald 25) 
has a unique fundamental solution U : J) x Jo ~ B(X) and that for each x» € X the 
mapping t > U (t, 0) xo is the unique solution of (2.5) with value x» at t = 0 (see 
Ladas and Lakshmikantham®, p. 60, Theorems 3.21). Now, the mappingu € C 
(J, X) defined by 
u(t) = U(tt, 0) ¢ (t-) for t € J ...(2.6) 
where ¢ = min {f, 0}, is the solution of (2.5) with the given ¢é © Cas the initial map- 
ping. 
We need the following definitions in out subsequent discussion [see Hsikkila® p. 
7 and 9), Lakshmikantham and Leela?’, p. 21 and 49)., Pachpatte (p. 339). 
Definition 1—A solution of the integral equation 


+ 
i s 
x(t) = U(tt, 0) 6 (t-) + ‘) U (t*, s) [f (s, Xs, | K (s, t, Xx) d=)] ds. tS J 
: mee eS 
is called a mild solution of (1.1). oe 
Definition 2—A continuous mapping x: J > X is called a strict solution of (1.1) 
if x equals to ¢ on [—r, 0] and is strongly continuously differentiable and satisfies (1.1) 
on (0, 7]. : 
Definition 3—The solution x (t) of (1.1) is said to be exponentially asymptoti- 
cally stable, if there exist positive constants Q and 8 such that the inequality 
[IXllo S Q llpllo e-*, t > 0 


holds for ||¢||, sufficiently small. 
Definition 4—The solution x (1) of (1.1) is said to be uniformly slowly growing if, 


and only if, for every 8 > O there exists a constant Q, possibly depending on 8, such 
that the inequality 


IIxillo SQ |IPllo e@, « > O 
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holds for ||¢||)5 < 0. 


For our convenience we list the following hypotheses. 


(Hi) For (t, s, ), (t, 5, 4) € Jo X Jy x C, 


IK(t,5,¥) — k(t, 5, Dil (t, 5,1 6 — Ho) ..(2.8) 


where g © C (Jy X Jo X Rt, R*) and g(t, s,m) is nondecreasing in m € R*, for 
each (t, s) € Jo X J. 


(H,) For (t, ¥, »), (t, 4,9) E Jo X C XX 


If Guy —fGUDdI Spt Y — Plo. ly —PIl) (2.9) 


where p € C(J, X R+ x Rt, Rt) and p (t, m, m,) is nondecreasing in m,, m, € RF; 
for each fixed t € J. 


(H3) For each h € C (Jo, R*), the integral equation 


w(t)=hA(th+M fp (s, w (s), i q (8, t, w (t)) dt) ds ...(2.10) 
has a solution on J). 
(H,) aac that w (t) = 0 is the only solution of (2.10) with 4 (t) = 0. 
(H;) ForvE CV, X),tsE J, PEC VE X, 

Ik (t, s, ¥) Il < g* (t, sll & — Yello) splauia) 


I(t, ¥ YI < p* (t, I & — vello, ILvll) Pet 2e12) 


where g* € C (Jy X Jo x Rt, Rt), q* (t, s, m) is nondecreasing in m € R", for each 
(t,s) € JoX Jn; P* © C (JX Rt x Rt, R*), p* (t, m,,m,) is nondecreasing in 7, m, © Rt 
for each fixed t € Jy and for each h € C (Jy, R*), the integral equation 


w= h( + M J pt (s, (9), | at (5, * w (9) de) ds 
has a solution on Jo. 
(H,) For t,s € Rt, lV (t, sii < M, 
where M is nonnegative constant. 
(H,) Fort,s € R*,VE CyEXx 
IIk (t, 5, ¥) I< La (s) Iidllo ... (2.13) 


f(t, ¥, VI < Le (t) [llllo + Ill] »+(2.14) 
where L;, L, © C (Rt, R*) and 
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I Li (8) ds < 00, § L,(s) ds < 0. (2.15) 
0 0 


(H,) For t,s € Rt, 8 > 0, M > O, 


IU (t, s)|| < M eB?) (2.16) 
(H,) Fort,s € R+,B>0,pE C, ye X, 

Nk (t, 5, Dll < eFC) Ly (5) [Wllo (2.17) 
I F(t, YY) IS e-B Le (t) [lle + Ip] (2.18) 


where L,, L, € C (Rt, Rt) and (2.15) holds 
(Hig) Fort, s-G Rb 0M ew: 


IU (t, sll < Me®e-2s) .. (2.19) 
(Hi,) Fort,sE Rt,B>00EC yeEY, 

[Ik (t, s, Yl < eB) Ly (5) IIdbllo (2:20) 
If (t, %s VIL < e8 Ly (t) [ldo + IIyll] af220 


where L,, L; € C (Rt, R*) and (2.15) holds. 


We require the following integral inequality established by Pachpatte’® to prove 
some of our results. 


Lemma | (see Pachpatte'’, p. 758)—Let a(t), b(t) and c (t) be real-valued non- 
negative continuous functions defined on R*, for which the inequality 


C() Sco + | a(s)e(s) ds + Ja()[ 5b) e (x) de] ds, 


holds for all t € Rt, where c, is a non-negative constant. Then 


c(t) <e,[1 + a (s) exp U (a(t) + b(x)) dt] ds], 
for all t € Rt. 


With these preparations we are now in a 


position to state our main results to be 
proved in this paper. 


Theorem 1—Assume that the hypotheses (H,) — (H 


s) hold. Then for each u = 
C (J, X), the successive approximations defined by 


OP Een SN ashe) 


with any x! € C (J, X) as the first approximation, converge on J uniformly to a uni- 


que solution of (2.1). 
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Theorem 2—In addition to the hypotheses of Theorem 1, if f 
: OF Vv ©. Git. 
h € C(IyR?), ti: 


lve — us — Frillb GA(t), tE Jy (2. 24) 
is Satisfied then 


lve — xl Gwt),t E Jo #i5(2:24) 
where w (t) is the minimal solution of (2.10). 


As an immediate consequence of Theorem 2, we have the following corollary. 


Corollary 1—Suppose that the hypotheses of Theorem 1 hold. If x and ¥ are two 
solutions of (2.1) with given u and z € C (J, X) respectively then 


IIx: — Fillo S w(t), t E Jo RA) 
where w is the minimal solution of (2.10) with A(t) = ||u,; — all9. 
Theorem 3—Assume that the hypotheses (H,) — (H;) hold. Then 
IlIxe — vullo < z(t), t E Jo %.(2.2b) 


where z (ft) is the minimal solution of 
t s 
Z(t) = [luo — Villy + M J p* (8, z (3), ! q* (s, t, z(t)) dt) ds. ...(2.27) 


Theorem 4—Suppose that f depends on a parameter belonging to a nonempty 


set E, and the hypotheses of Theorem 1 for given p, we E hold. If x and x denote 
the corresponding solutions of (2.1) with the same u € C (J, x) then 


llxs — Xl S w(t), t © Jo itz ,28) 


where w is the minimal solution of (2.10) with 


h(O= MI ISG, Fo f kG Fd dD 


— f (5, %y Jf (8, 4, Fe) dt, p)ll ds. 2.29) 
0 


Theorem 5—Suppose that the hypotheses (H,) and (H,) hold, and the equation 


w(t) = Mp(t, w(t), § 4 (ts, #(s)) 45), 
; ...(2.30) 


w (0) = Wo 
has a solution on J, for each wy > O. Further suppose that w (t) = 0 is the only solu- 


tion of (2.30) with w) = 0. Then for each ¢ € C, the equation (1.1) has a unique 
mild solution x on J. Moreover, x depends continuously on ¢. 
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Theorem 6—Let E be a metric space. Suppose that fE C (Jy Xx Cx X x -E, *} 
and the hypotheses of Theorem 5 hold for each fixed » € E. Then the mild solution 
of (1.1) depends continuously on the parameter p. 


Theorem 7—Let {A (t): t © Jo} be a family of operators in B (X) satisfying the 
conditions (C,) and (C.) and uniformly bounded over? € J). Further suppose that 
the hypotheses of Theorem 5 hold. Then for each ¢ € C eqn. (1.1) has a unique 
strict solution on J. 


Remark 1: We note that Kartsatos and Parrott’ have established the unique 
strong solution of eqn. (1.1) when k = 0 with assumptions that for each t € Jy, A (t) 
is m-accretive operator and f Lipschitzian like function by using different approach for 
evolution equations. Here our conditions on functions involved in (1.1) and the app- 
roach to the problem are different. 


In the following theorems, we assume that solutions of eqn. (1.1) exist on [—r,ce). 

Theorem 8—Let the hypotheses (H,) and (H,) be satisfied. Then any solution 
x (t) of (1.1) is bounded on [—r, 0). 

Theorem 9—Let the hypotheses (H,) and (Hy) be satisfied. Then any soultion 
x (t) of (1.1) is exponentially asymptotically stable. 

Theorem 10—Let the hypotheses (H,9) and (H,:) be satisfied. Then any solution 
x (t) of (1.1) is uniformly slowly growing. 


Remark 2: It is to be noted that Pachpatte™ has studied the problems of boun- 
dedness, stability, asymptotic behaviour and other properties of the solutions of (1.1) 
without functional arguments when for each ¢ € Rt, A (t) is a linear closed operator. 


Here our conditions on functions involved in (1.1) and the approach to the problem 
are different. 


3. Proors OF THEOREMS 1-4 AND COROLLARY 1 
We first prepare a lemma which will be used for the proofs of Theorems 1-4. 
Lemma 2—Let q (t, s,m) € C (Jo X Jo X Rt, Rt) and p(t, m, m) € C (ioe 
R* x R*,Rt) and monotone nondecreasing in m for each (t, s) € Jo X Jy and in m, 
m, for each t € Jo respectively. Suppose that the hypothesis (Hs) holds. Leth € 


S (Jo, R*) be given. Then eqn. (2.10) has a minimal solution w, If {u"} is a sequence 
in C (J, X) such that u” > u uniformly on J and if for each t € Jo 


llur lo < A(t) 1 
| 

IW < AO + M| PO Ie [a (s, slat |e) d)ds,nen | 
0 0 | 

J 


(3.1) 
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then 
lluillo S W(t), t E Jo. Pe 4 


Proor: In view of the hypothesis (H;), we see that the integral equation 
i s 
z(t)=2z,+ M f p(s,z(s), J ¢ (s, t, z(t)) dt) ds Tlo3) 
0 bi) 


has a solution on Jy for each z) € Rt. Define a sequence {w,} inductively as 


Ww, (t) = A(t) 

Wai (t) = Wi (t) + M Sp (s, W, (5); Fas, t, W, (t)) dt) ds 3.4) 
te J,andn € N. It is easy to observe that the sequence {w,} is nondecreasing on J, 
i. €. 

Wr (t) < Waar (t), for all t Eo, n E N. SAMS 
From (3.4) and (3.5) we obtain 


Wy+i (t) < wi(t) + M i P(S, Wasi (5); i q (S, 7, Wns (*)) dt) ds ...(3.6) 


fort € J, andn € N. Choose Z) > Joes w, (t). Using (3.3), (3.6) and modified 
ts 
version of comparison Theorem (see, Lemma |, Pachpatte’’) we get 
wrei(t) < z(t), t € J, andn € N. 


Thus, the sequence {w,} is nondecreasing and bounded above by a function z (¢), 
Hence the sequence {w,} converges uniformly on J, and w (t) def limit w, (t) is a solu- 


—p—w 
tion of (2.10). 

We now prove that the limit function w (t) is the minimal solution of (2.10). Let 
@ be any solution of (2.10). By induction, we can show that 


w, (t)< w(t), t€ J andn € N. SEM 


By taking limit in( .7) asm — ce we get w (t) < w(t), t © Jy which implies the 
minimality of the solution w (ft). 


Using (3.}) and the fact that w (t) is the minimal solution of (2.10), we obtain by 
induction that 


lu" Ilo S W(t), tE Jo andn€ N. .+(3.8) 


Since u" > u, u” > ur we get (3.2) from (3.8) and the proof of the Lemma 2 is 


complete. 
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In order to prove Theorem ], let x1 € C (J, X) be given. Using (2.3), (2.8) and 
(2.9) we obtain 


Fx (t) — Fx (ll 
Pa s 
<M f p(sil xs — *sll, J q (Ss, t,|| Xr — Xellodt) ds. ...(3.9) 


t € J, whenever x, ¥ © C (J, X), and t+ = max {f, 0}. 


. Case 1—Supposet > r. Then for any 9 € [—r, 0] we have t + @ > 0. For such 
6’ s, from (3.9), we have 


Fx (t + 6) — Fx (t+ @)ll 


(+8 Ss 
<M f p(s, |x, — ll, J q (s, t, ||Xr — Xello) dt) ds 
0 


t s 
S MJ P (Ss, ||Xs — ¥sllo, 5) q (8, t, |X — ¥rllo) dt) ds 


which yields 


Fx. — FF ello 


uy Ss 
S M H Pp (s, | Xs aa ¥slos J q (s, Tv, [|X+ ad ¥ rll)o) dt) ds ...(3.10) 


where Fx, means (Fx),. 


Case 2—Suppose 0 <i <r. Then for all 9 € [—r, —t)we have t+ 96 < 0, 
For such @’s we observe that 


Fx (t+ 6) — F¥ (t+ 0) <0. <a oul) 
For 6 € [—¢,0],¢+6>0. Then, from (3.9), we get as in Case 1. 
|Fx (t + 0) — Fx (t + 9)]| 


<M J p(s, lx, - Fall J q (8, 7, [IXxe — Fell) de) ds. 3.12) 


Thus, for every 6 € [—r, 0),(0<t<r) from (3.11) and (3.12) we have 
|Fx (¢ + 6) — Fx (t+ 6) |] 


< MI p(s, lx. — Fl, f q(s, || x1 — ¥ell,) de) ds 
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Fx: — Fillo 
<M J P (Sy IlX5 — Fellos J 9 (5, 5 [lve — Hallo) dz) ds. ...(3.13) 


For every t € Jo, from (*.10) and (3.13) we have 
||Fx: — Fillo 


: s 
< M J P (s, ||Xs — *sllo, : q (S, 7, ||Xr — %elly) dt) ds. (3,14) 


For eachn € Nand t € Jo, we have 


n+1 1 
Ix," —, llo 


< [jue — x3 lo + FX) lo + FX, — FX; ll 


S h (t) + u | Pp (s, \|x" a x llos \a (s, tT, \|x° au x llo) dt) ds 


13.15) 
where 


i Ss 
h(t) = lu — x; ll + m | la Cee | fe Capes i ) dx)|| ds. ...(3.16) 
Q 0 


Using monotone nondecreasing character of functions g and p, we obtain, from (3.15), 
by induction that 


xt? — xt ll < w(t), tE Jon EN | ...(3.17) 


where w is any solution of (2.10) with h is given by (3.16). 


To prove the convergence of the sequence {x"} on J, we define a sequence {Z,,} in- 
ductively by 
z, (t) = w(t) = the minimal solution of (2.10) 


with / given by (3.16), 


and 


Zngi (t) = M f p (8, Zn (5); { Get 2s (t)) dt) ds. ...(3.18) 
ry 0 
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In view of (3.17), we claim that the inequality 

xer"— x" lla < Zm (t) (3.19) 
holds for m = 1,n € Nandt € Jp. From (3.14) it follows that 

[Lynne Fon tae 


t s 


<M | PGs, xp x, lee | q (s, 7, |xr*” — x! \l)dz) ds __ ...(3.20) 


s r 


0 0 


whenever m,n € Nandt € Jo. By virtue of (3.20), we can easily verify by induction 
that (3.19) holds for all m,n € Nandt € Jy. In particular, we have 


l| xet™ (t + 6) — x™ (t + 8) || 
< xe" — x? th < Z(t) < z,, (7). 1.3.21) 


foralln,m EN, @€[—r, OJandt € J,. 


The sequence {z,} of non-decreasing functions z,, is nonincreasing and bounded 
below by zero function. Hence, it converges uniformly on Jj and the function z (t) is 
the solution of (2.10) with A(t) = 0. By hypothesis (H,), z (t) = 0 and from (3.21) 
we deduce that the sequence{x"} converges uniformly on J. Thus, x (t) def limit 


x" (t), t € J, is continuous and a solution of (2.1) on J. fn-> 00 


To prove the uniqueness, we suppose that x and * are two solutions of (2.1) with 
the same u € C (J, X). Define a sequence {v,,} inductively by 


vi(t) = w(t), any solution of (2.10) with 
h(t) = h(O) = sup {llxz — Fillo: t € Jo} 


and 
t s 
Vnei (t) = i P (Ss, p(s), : q (S, t, V, (t)) dt) ds. ee Ky) 


Using (2.10) and (3.22) we get by induction 
IIX¢ — ¥llo < vy (t), t © Jon EN. cosh dyed) 


The sequence {v,} is nonincreasing and bounded below by zero function. Hence it con- 
verges uniformly on J, and the function V(t) def lim,+ oo v(t) is the solution of 
(2.10) with A (1) = 0. By virtue of the hypothesis (H;), v (1) = 0, t © Jy and consequ- 
ently from (3.23) we have x(t) = X(t), t€ Jy. This completes the proof of Theorem l. 
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Let {x"} be the sequence of the successive approximations, with x’ = u + Fv as 


the first approximation, converging to x. Defineuw" = v— x",nE N. It is easy to 
see that uv” > u = v — x uniformaly on J. Using definitions of u", x’, (2.22), (2.23) 


and (3.14) we obtain 


1 
ltt, llo = [lve — ue — Frill S h(t), 


and 


url < |v — ue — Frill + (Fre — FX lo 


<A(t) + M | P (S, ||" |lo, | q (8, 7, |lu” ||o) dt) ds. 
0 0 


Now an application of Lemma 2 yields 
liu lo = Ive — Xtllo < w(t), t © Jo. 
This completes the proof of Theorem 2. 
If we choose v = x then by Theorem 2 we get (2.25) and the proof of Corollary 
1 is complete. 
Let {x"} be the sequence of the successive approximations, with < 
Then, it follows that u” 


first approximation, converging to x. Define u” = x" — v. 
+u—=x—v uniformly on J. Using definitions of u®, x1, (2.3), (2.11), (2.12), 


(2.22) and (2.27) we have 


1 
lu, lo = llue — Yello 


and 


t n 


u"* lo < Ils — Valle + M | If Gs x, | k(s, 7, x, )ds)ll ds 


0 9 


t s 
< lu: — ve +lo M | p* (s, ||u" | q* (s, 7, ||u* lle) 4*)ll ds. 
0 0 


Now, applying Lemma 2 with h(t) =|| u — Vill, we obtain 


\\usllo = ||X2 — villo < z(t), t € Jos 


and the proof of Theorem 3 in complete. 


= uas the 
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Let {x"} denote the sequence of the successive approximations, with x’ = u + Fx 
as the first approximation, converging to x. Define uw” = x" — x, Thenu® >u = x 
— ¥ uniformly on J. Using definitions of u", x1, (2.4), (2.22), (2.29) and (3.14) we get 


let Ilo = 0 


and 


up? = lee + Fx] — Fe, + FR, — Fill 


= ||Fx" — Fillo 


t s 


<1) +.M | p(s ut lo, { 4.65, If lo ds) 


0 0 


Now, using Lemma 2, we get (2.28) and the proof of Theorem 4 is complete. 


Remark 3 : It is important to note that the results established in Theorems 1-4 
for solutions of (2.1) hold also for mild solutions of (1.1) when u and U in (2.1) are 
considered as the solution of (2.5) with given 4 € Cas the initial function and the 
fundamental solution of (2.5) respectively. 


4. Proors OF THEOREMS 5-7 


Let ¢ € C be given. We observe that the hypotheses of Theorem 1 hold for k 
and f. Therefore the existence of the unique mild solution x of (1.1) on J is ensured. 


Let ¥ be the mild solution of (1.1) on J corresponding to ¢ € C as the initial 


mapping. If uw and @ are the solutions of (2.5) corresponding to ¢ and ¢ € C,as the 
initial mappings respectively, then by using (2.6) and proceeding as in the proof of 


Theorem | we obtain 

luc — tlle SS — $l + Mid (0) — $ COD], (4.1) 
From (4.1) and corollary 1, we obtain 

IIxe — Xllo S w(t) < w (T),tE Jy ...(4.2) 


where w (t) is the minimal solution of (2.30) with 
Wo= 6 ~ dllo + M Ig 0) —F (OD. 


It is easy to see that if a ¢ in C, then w i 
’ o — O and, since the zero f, i i 
the only solution of (2.30) with Wo = O then ae 


21 phys ry > 
w(T)>0as¢ > ¢ a9) 
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(see Walter®®, Theorem VIII, p. 67). Therefore, from (4.2) and (4.3) we have xX (ft) 
—> x (t) uniformly on J as ¢ > ¢. This completes the proof of Theorem 5. 


Let x and X be the mild solutions of (1.1) corresponding to the same ¢ € C and 


H, » € E respectively. We see that the hypotheses of Theorem 4 are satisfied and 
hence we have 


IIx1 — Fill S w(t) w(T),tE 1+4(4.4) 
where w (t) is the minimal solution of (2.10) with h (t) given by (2.29). Since the set 
{(s, %s J kK (s,t, ¥r) dt, p): 0s € THis compact in the product space J, x Cx X 


x E and since f is continuous, it is easy to verify by elementary analysis (see Lang", 


p. 34) that A (t) given by (2.29), tends to zero uniformly on J, as» > » in E. Then 
it follows that 


w(T) > Oasp > x. 45) 


From (4.4) and (4.5), we obtain ¥ (t) > x (t) uniformly on J, as p > ue. This 
completes the proof of Theorem 6. 


By an application of Theorem 5, eqn. (1.1) has a unique mild solution x on J. By 
virtue of Lemmas 3.5.1 and 3.5.2 of Ladas and Lakshmikantham® withu, = ¢ (0) and 


t 
f(t) =f(t, x, J k(t, s, x,) ds), we can verify that x is also a strict solution of (1.1) 
0 


t 
on J. Now, since x is a strict solution of (1.1), the mapping t > f(t, x, Jk (1 58x%.) 


ds) is continuous and so that x is also a mild solution of (1.1). (Lakshmikantham and 
Leela’®, Vol. II, p. 250). Therefore the uniqueness of a strict solution x follows from 
Theorem 5. This completes the proof of Theorem 7. 


5. Proor or THEOREMS 8-10 


The solution of eqn. (1.1) on [—r, °°) is given by 
x () = UO 8) + LUO S (5, Xn JK (5 4 89) dt) ds (5.1) 
0 


where tt = max {t, 0} and t~ = min {f, 0}. Ift > 0, then from (5.1) and using (Hg), 
(2.13), (2.14) we obtain 


lx (t)I| < M |Illo + | ML, (8) lixille ds + 


(equation continued on p. 742) 
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t s 
+ § ML, (s) § Li (=)|| Xello a ds. 9:2) 
0 0 
From (5.2) and by proceeding as in the proof of Theorem | we get 


t 
IlXdllo < M IIPllo + J ML, (5) |IXsllo ds 


+} Ma (s) La) lela dds (53) 
By an application of Lemma | we get from (5.3), 
I|xillo < M |I¢llo [1 +5 ML, (5s) exp (J {ML, (x) + L, (*)} a) ds]. ...(5.4) 


The boundedness of the solution x (1) of (1.1) on R* follows from (5.4) and 
(2.15). Consequently, the solution x (t) of (1.1) is bounded on [—r, ec) and proof of 
the Theorem 8 is complete. 


Remark 4: We note that our result established in Theorem 8 also yield the 
stability of a solution x (t) of (1.1) if ||¢|lo is small enough. 


If t > O then using (5.1) and (2.16) — (2.18), we get 


t 
e® IIx (t)l| < M |IPllo Toe ML, (s) e®*||x¢\lo ds 


t Ss 
a) ML;(s) J L, (=) e* ||xrllp d= ds. --4(5.5) 
From (5.5) and by proceeding as in the proof of Theorem 1 we obtain 


eFF IIxillo & Me* |id|lo + J ML, (s) e* ||x5llo.ds 


t s 
+ : ML, (s) J Ly (+) e8€ |x|], de ds, e0(5.6) 


Applying Lemma | with c (t) = e* |Ix/\|,, the inequality (5.6) yields 


[silo < Me lilo [I + fF ML 


exp [ if {ML, (*)} + Ly(t)} de] ds] 7B, Be ey 
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From (5.7) and (2.15), it follows that 
Ixello < Q |Idllo e-8*, ¢ > O 


where Q > Oisaconstant. This proves that the solution x (t) of (1.1) is exponenti- 
ally asymptotically stable and proof of the Theorem 9 is complete. 


If ¢ > O then using (5.1) and (2.19) — (2.21), we get 


eB Ix (1) < Mligllo + j ML, (s) e-® IIx,l|y ds 


t s 
- J ML, (s) J Ly (x) e-* ||xello dz ds. TAKES, 
From (5.8) and by proceeding as in the proof of Theorem | we obtain 


e-¥ Ilxilo <M Iidllo + ML (s) e7®* |Ix,llp ds 


t s 
+ J ML, (s) J Ly (=) 7 ||xello d= ds. (5.9) 
ms 0 0 
Applying Lemma 1 with c (t) = e~®* ||x;||o, the inequality (5.9) yields 


t . 
[lXello < M |ldllo [1 + J ML, (s) 


x exp [ j {ML, (*) +L,(t)} dz] ds] e®*. (5.10) 


From (5.10) and (2.15), it follows that 
IIxdlo < Q Il¢llo e**, t > O 
where Q > Oisaconstant. This proves that the solution x (t) of (1.1) is uniformly 


slowly growing and proof of the Theorem 10 is complete. 


6. APPLICATIONS 


In order to illustrate the applications of some of our theorems established in pre- 
vious sections, we consider the following partial functional integrodifferential equation 


dz (x, t) 
SA = (a (Xt) 2x (% OD 


re oer), H (t, s, z (x, s — r)) ds), 


Deere 1,76 J, met. 1) 
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with initial-boundary conditions 
Zz (0St) 24 hii) = Ot ey, so 4 0-2) 
z(x; = 4%, 0), Oe 1, Fr ea ee, ed hs be) | 
The functions a, H and G in (6.1) satisfy the following conditions : 


(C;) a(x, t) is a positive continuous function defined on [0,1] <x Jo having a continu- 
ous first partial derivative ax (x, t) on [0, 1] x Jy and satisfy 


la (x,t) — a(x, 3s) | Ret le ...(6.4) 

| ax (x, t) — ax (x,s)| << K|t—s]|” Bet (Ye) 
for all s, t © Jo, x E [0, 1], and0 < y< 1 
(C2) H: Jy X Jo X R— Ris continuous and satisfies 

| H(t,s,v) — H(t, s,2)|<q(t,s,|v—2]) ...(6.6) 
for0 <s <t< Tandy, zv € R where g is defined as in Hypothesis (H,) 
(C3) G:J) xX R xX R= Riscontinuous and satisfies 

| G (t, ¥,, v2) — G (ft, 3,, De) | 

€ p(t, |%— a1, 1 v3 — 21) ...(6.7) 
for0 <1 <T and ¥,, v2; ,, 9, € R where p is defined as in Hypothesis (H2). 


(Cy) The functions g and p involved in (6.6) and (6.7) are such that the equation 


(2.30) has a solution on Jo for each Wy > 0 and w (t) = 0 is the only solution of (2.30) 
with wy = 0. 


Let ¥ = C ((0, 1], R) denote the Banach space with norm ||y|] = max | » (x), 
|,» € X. Define an operator 4: X¥ > X by pars 


(A (t) u) (x) = — (a(x, t) zx (x,t))x 


wiih domain D (A) defined as D (A) = {u € X, (a (., 0) ze (.,.))JxE X,z(0,t) = z 


(1,t) = 0}. We now define mappings k: J, x Jy x C > X and f: Jy : Cx x -YX 
as follows 


k (t, 5, ) (x) = H(t, s, 6 (—r) x) +. (6.8) 


f(t, $, Y) (x) = G (t,¢ (—r) (x), » (x)). ...(6.9) 


The problem (6.1) — (6.3) can be formulated abstractly as 


uw (th+ A(thu(th=fut, ms | k (t, s, u,) ds), t E Jo ... (6.10) 
u(t)=¢(t) —r ft <0. 


INTEGRODIFFERENTIAL EQUATIONS 745 


In view of definitions (6.8) and (6.9), it is easy to observe from (C2) and (Cs) that the 
Hypotheses (H;) and H,) hold. Now, a application of Theorem 7 yields a unique 
strict solution z (x, ft) = u (¢) (t) x, x € [0, 1], t © J of (6.1) — (6.3). 


For the following discussion, we suppose that the solution u (t) of (6.10) exists 
on[-r, ce). 


Suppose that the functions H: Rt x R* X RR andG:R*x RX R> R 
in (6.1) satisfy the following conditions : 


(C,) Fort, s € Rt, v, v,,v, E€ R 
| H(t,s,v) | <q Ly, e® “9 |v | eta) 
Gtr. v3, ¥s)1 = fae {| y,) + | st] ...(6.12) 


where L; and L» are nonnegative constants. Define mappings k: R* x Rt*xC7+X 
and f: Rt x C x ¥ >X as in (6.8) and (6.9) respectively. From (6.8), (6.9), 
(6.11) and (6.12), it is easy to observe that the hypothesis (Hs) hold. 


If the fundamental solution U (t, s) t,s E Rt, of eqn. (2.5) satisfies condition 
(2.16) then by an application of Theorem 9, the solutions z (x, t) of (6.1)-(6.3) 
tends to zero as tf > ©. 


Theorems 8 and 10 can be applied equally well to study the boundedness and the 
growth of the solutions of (6.1)-(6.3) by using suitable conditions on the functions 
| H and G involved in (6.1) and on the fundamental solution U of eqn. (2.5). We omit 

the details. 


REFERENCES 


A. Belleni-Morante, Boll. Un. Math. Ital. 15 (1978), 470-82. 

B. Burch, and J. Goldstein, Houston J. Math. 4 (1978), 311-28. 

A. Friedman, Partial differential Equations. Holt Rinehart and Winston, Inc., New York, 1969. 

M.L. Heard, Siam. J. Math. Anal. 13 (1982), 81-104. 

S. Heikkila, Rend. dell’Accad. Naz. dei XL, 24-25, (4) (1974), 3-15. 

S. Heikkila, Rend. dell’Accad. Naz. dei. XL (5) 1-2 (1975-1976), 1-12. 

A. G. Kartsatos, and M. E. Parrott, J. Diff. Eqns. 47 (1983) 358-377. 

A. G. Kartsatos, and M. E. Parrott, Trans. Am. Math. Soc. 286 (1984), 73-89. 

G. E. Ladas and V. Lakshmikantham, Differential Equations in Abstract Spaces. Academic 

Press, New York, 1972. 

10. V.Lakshmikantham, and S. Leela, Differential and Integral Inequalities, Theory and Applica- 
tions, Vols. I and II. Academic Press, New York, 1969. 

11. S. Lang, Analysis II. Addison, Wesley, Reading. Mass., 1969. 

12. J.A. Nohel, in “Integral and Functional Differential Equations” (ed. : T. Herdman et al.), 
Lecture Notes in Pure and Appl. Math. Vol. 67, Dekker, New York, 1981, pp. 3-82. 

13. B.G. Pachpatte, J. Math. Anal. Appl. 44 (1973), 758-62. 


OOP IANPYNE 


746 M. B. DHAKNE AND B. G. PACHATTE 


14. B.G. Pachpatte, Bull. Austrial. Math. Soc. 12 (1975), 337-50. 

15. B. G. Pachpatte, J. Math. Anal, Appl. 53 (1976), 604-617. 

16. B.G. Pachpatte, Proc. Indian Acad. Sci. 87A (1978), 189-200. 

17. B.G. Pachpatte, J. Diff. Eqns. 16 (1974), 14-25. 

18. C.C. Travis, and G.F. Webb. Trans. Am. Math. Soc. 200 (1974), 395-418. 

19. C.C. Travis, and G.F. Webb, Trans. Am. Math. Soc. 240 (1978), 129-43. 

20. W. Walter, Differential and Integral Inequalities, Springer-Verlag, Berlin, 1970. 


Indian J. pure appl. Math., 19 (8) : 747-750, August 1988 


ON EXTENSION OF MAPS IN TOPOLOGICAL SPACES 


P. THANGAVELU 


Department of Mathematics, Aditanar College, Tiruchendur 628216, Tamilnadu 
(Received 22 June 1987; after revision 4 December 1987) 


The purpose of this paper is to investigate the piecewise definition of certain 
maps namely irresolute maps, semihomeomorphisms, etc. 


1. INTRODUCTION 


Levine® introduced the notion of semiopen sets in topological spaces, to study 
the properties of functions weaker than continuous functions. The purpose of this 
paper is to investigate the piecewise definition of certain maps. In this direction, we 
introduce in section 2 the notion of strongly nbd-finite family of sets and study its 
properties and applications. In this paper, X and Y always denote topological spaces. 


2. STRONGLY nbd-FINITE 


Definition 2.1—A family {Am; m € M} of subsets of X is said to be strongly 
nbd-finite if for each x in X, there is an open set V containing x, satisfying one of the 
following conditions : 


(a) V1\ A, = ¢ for every m in M. 
(b) There is a non-empty finite subset N of M such that 
i) V (\ Am # ¢ for every m in N, 
ii) VO Am C Ax for every m, k with m in N and k in N, and 
iii) VO A,, = ¢ for every m & N. 


Every strongly nbd-finite family is nbd-finite*. However, a nbd-finite family need not 
be strongly nbd-finite, as shown by the following example. 


Example 2.2—Let X¥ = {a, b, c} and 
T = {¢, {a}, {b,c}, X}. Then {{b}, {ch} 
is nbd-finite but not strongly nbd-finite. 
Before giving the properties we consider the following. 


It is easy to prove the following results that are improved results of Theorem 1.8 
of Crossely and Hildebrand’. 
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Lemma 2.3—If A and B are subsets of X such that A is open, then A) B= ¢ 
implies A () cl (B) = ¢ where cl (B) denotes the closure of B in X. 


Corollary 2.4—Under the hypothesis of Lemma 2.3, A(\ B= implies 
A ()\ scl (B) = ¢ where scl (B) is the semiclosure’ of Bin X. 


Lemma 2.5—If A and B are subsets of X such that A is an a-set® (Alpha set), 
then A () B = ¢implies A ( scl (B) = ¢. 


3. PROPERTIES 
Theorem 3.1—If {Am; m € M}is strongly nbd-finite, then {scl (Am); m € M} is 
also strongly nbd-finite. 


Proor: Let x bein ¥. Choose V as in Definition 2.1. If 2.1 (a) holds, by 
Corollary 2.4, VO scl (Am) = ¢for every min M. So, let us assume that 2.1 (b) 
holds. It is enough to prove that V ™ scl (Am) C scl (Ax) wherem € Nandk € N. 


Let y € VO scl (A,,), m € N. Let S be any semiopen set containing y. Then, 
by Theorem 1.9 of Crossely and Hildebrand’, V () S is semiopen. Hence, by Lemma 3 
of Noiri?, VO SO A, # ¢ If k € N, then by 2.1 (b) (ii), VO S M Ax # $ which 
implies S () Ax ~ ¢ and hence y € scl (Ax). This completes the proof. 


Theorem 3.2—Let {A,,; m © M} be nbd-finite in X¥. Then {scl (Am); m € M} is 
also nbd-finite. 


Proor : Analogous to Theorem 9.2 of Dugundji‘. 


In Dugundji*, it has been proved that union of closed sets of a nbd-finite family 
is closed. The following is an analog of this result for semiclosed’ sets. 


Theorem 3.3—If {Am; m € M} is a strongly nbd-finite family of semiclosed sets 
in X, then B= UW A,, is semiclosed. 


mEM 
Proor : Let x bein X¥ — B. Choose V asin Definition 2.1. If 2.1 (a) holds, 


take S= V. If 2.1 (b) holds, take S = ae [V 1) (X — A,,)]. Since union of semi- 
. * . . me 
open sets is semiopen, S is semiopen. Clearly,x € S. It is easy, by computation, 


to prove that BM S = ¢so that x € SC X¥ — B which implies that Y — Bis semi- 
open and hence B is semiclosed. 
Remark 3.4: Theorem 3,3 need not be true for a nbd-finite family. 


Remark 3.5 : If {Am;m € M} is strongly nbd-finite, then U {scl (A 


ase m)} is semi- 
closed. ie 


The following simple result on covering will be utilised in sequel. 


Theorem 3.6—Let {Am; m € M} be an a-set covering of X and B, a subset of Y. 
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Then B is semiopen (resp. semiclosed) in X if and only if B 1 A,, is semiopen (resp. 
semiclosed) in the subspace A,, for every m. 


Proor : Necessary part—Let B be semiopen in Y. Then, by Proposition | of 
Njastad®, B () A,, is semiopen in ¥. By Theorem 1 of Noiri?, BO A, iS semiopen 
in Am. 

Now, let B be semiclosed in ¥. Then X — B is semiopen in X. Again, by 
Proposition | of Njastad®, (¥ — B) Q A,, is semiopen in X and hence semiopen in 
Am. As (X — B) 1 A, = Am (BO A,), B A Am is semiclosed in Am. 


Sufficient part—Assume that BQ A,, is semiopen in A,, for every m. Then 


B() Amis semiopen in X for every m. Since B= BOM X=BQ( U Am) 
meEM 


= Si (B (\ Am), Bis semiopen in X. Assume that B () A,, is semiclosed in A,, for 
me 


each m. Then A,, —(B() A,,) is semiopenin Am and hence semiopen in X, by — 
Theorem | of Noiri’. It is easy to see that 
X—B= WU (A, — (BM Am)) which implies that B is semiclosed in X. 


mEM 
This completes the proof. 


The main property of a strongly nbd-finite family is the next theorem. 


Theorem 3.7—Let {4m; m © M} bea covering of X such that all A,, are semi- 
closed and form a strongly nbd-finite family. Let Bbe a subset of X. If BQ A, is 
semiclosed (resp. semiopen) in A,, for every m, then B is semiclosed (resp. semiopen) 
in X. 

Proor: If B ()\ A,, is semiclosed in A,, for every m, then by Lemma 2.19 of 
Sivaraj', B \ Am is semiclosed in ¥ and as {B() A,,;m € M} is strongly nbd-finite, 
U (BQ A,,) is semiclosed in X which implies B is semiclosed in X. 

m 


If BQ Amis semiopen in Am, it can be proved, by considering complements, 
that Bis semiopen in X¥. This completes the proof. 


4. APPLICATIONS 


In analysis, continuous functions are frequently defined piecewise. Here we 
; : 
have an analog situation for irresolute* and semi continuous” maps. 


Theorem 4,1—Let {A,,; m € M} bea covering of «-sets or a strongly nbd-finite 
covering of semiclosei sets of ¥. For each m, let f,, bea given irresolute (resp. semi 
continuous) map of A,, into Y. Assume that f,, and f, coincide on A,, 1 Ak for every 
min M and for every kin M. Then there is a unique irresolute (resp. semi contin- 
uous) map f of X into Y which extends each /,,. 


Proor: Existence and uniquencss of a map f follow from Theorem 6.7 (p.13) 


of Dugundji‘. 
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To prove that f is irresolute (resp. semi continuous), let B be a semiopen (resp. 


. . —1 . . 
open) subset of Y. Since f,, is irresolute (resp. semi continuous), f,, (B) is semiopen 


in A,, for every m. Since f~1(B) 1 Am = f~* (B), by Theorems 3.6 and © Wy Bs wet 83 1 


is semiopen in X¥. This completes the proof. 


Theorem 4.2—Let {B,,;m © M} be an «-set or a strongly nbd-finite semiclosed 
covering of Y. Let fbeamap of X into Y. If the restriction /m of f to f- (Bn) is a 
semiopen! (resp. semiclosed*) map of f-? (Bm) into Bm for each m in M, then f is semi- 
open (resp. semiclosed). 


Proor: Let A be an open (resp. closed) subset of X. Then A 1) f~* (B,,) is 
open (resp. closed) in f-! (B,,). Since fin (A © f-? (Bm)) =f (A) O B,, and since fr, 
is semiopen (resp. semiclosed), f(A) ™ B,, is semiopen (resp. semiclosed) in B,,. Then 
the proof follows from Theorems 3.6 and 3.7. 


Theorem 4.3—Let {Bm; m € M} be a covering of «-sets of Y. Let f be a map 
of X into Y such that {f-! (Bn); m € M}isa covering of a-set of X¥. If the restrict- 
ion f, of fto f~1 (B,) is a presemiopen*® (resp. presemiclosed'®) map of f-? (Bm) 
into Bm for each m in M, then f is presemiopen (resp. presemiclosed). 

Proor: Analogous to Theorem 4.2. 


Theorem 4.4—Let {B,,; m © M}be an a-set covering of Y and let f be an injec- 
tive map of X onto Y such that {f-' (Bm); m € M} is an a-set covering of X. If the 
restriction fm of f to f-1 (B,,) is a semihomeomorphism® of f~1 (Bm) to Bm for each m 
in M, then f is a semihomeomorphism. 


Proor: Fojlows from Theorems 4.1 and 4.3. 
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The purpose of this paper is to investigate minimal pairwise Hausdorff bitopo- 

logical spaces. The pairwise semiregularization of a bitopological space is 

introduced and a brief outline of its properties is given. A new concept of 

pairwise almost compactness is defined and filter characterizations of (pairwise 

Hausdorff) pairwise almost compact spaces are obtained. The above concepts 

are used to prove bitopological analogues of two well-known Theorems given 
Vv 


by M. Katetov and B. Banaschewski for minimal Hausdorff topological spaces. 


INTRODUCTION 


The concept of minimal pairwise Hausdorff bitopological spaces was initiated by 
Raghavan and Reilly’. The purpose of this paper is to continue the study of the above 
concept. 


In section 1 we introduce the pairwise semiregularization of a bitopological 
space and examine its properties. We investigate also a certain type of bitopological 
adherence and convergence of filters. In section 2 we introduce a new concept of 
pairwise almost compactness and discuss its relationship to other well-known forms of 
bitopological compactness. In section 3 we give filrer characterizations of (pairwise 
Hausdorff) pairwise almost compact spaces. In section 4 we improve a characterization 
of minimal pairwise Hausdorff spaces given by Raghavan and Reilly, and generalize 
two well-known Theorems of Katetov’ and Banaschewski!. Finally, we prove that 
the concept of minimal pairwise Hausdorff spaces is not product invariant. 

Throughout this paper if (X, 7, t,) is a bitopological space the t;-interior of a 
set A C X is denoted by <A>; or <A>r and the t,-closure of A by [A]; or [4]: 5 
where i =1, 2. The set of all ti-neighbourhoods of a point x € X is denoted by OD; (x) 
and the set of all t)-open neighbourhoods of x by (x), i = 1,2. Whenever we deal 
with a statement involving the topologies t; and 7, it will be understood that 7, / = 1, 2 
andi #j. Generally terms and notations not explained in this paper are those of 
Kelly®, Cooke and Reilly* and Raghavan and Reilly’. 

1. PRELIMINARY DEFINITIONS AND THEOREMS 
A. Pairwise Semiregularization 
Let (X, t,, t) be a bitopological space. According to Singal and Singal!® a 


. 


subset A of X is said to be (i, /)-regularly open if A = < [A], >. 
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Definition 1.1—(X, 7, t.) is said to be (i, /)-semiregular if for each x € X the 
collection of all (i, /)-regularly open neighbourhoods of x is a t;-open neighbourhood 
base at x. If (X, 1,, tT) is (I, 2)-and (2, 1)-semiregular it is called pairwise semiregular 
(henceforth abbreviated as p-semiregular). 


Since the intersection of two (i, /)-regularly open sets is an (i, /)-regularly open 
set, we obtain the following result. 


Proposition 1.2—The collection of all (i, /)-regularly open sets forms a base for 


a topology t; on X, coarser than tj. 


Definition 1.3—The bitopological space (X, t} , t),) is called the pairwise semi- 
regularization (henceforth abbreviated as p-semiregularization) of (X, 71, 7,). 

Theorem 1.4—A bitopological space (X, t,, t,) is (i, /)-semiregular (resp. p-semi- 
regular) iff t; = +; (resp. t) = t, and t) = 7). 


ProoF : Follows from Definition 1.1 and Proposition 1.2. 


Using the fact that the set <[A];>, is (i, j/)-regularly open for each A C X, we 
can easily prove the following lemma. 


Lemma 1.5—If (X, t}, t,) is the p-semiregularization of (X, +,,7.), then 
[V]} =[V]_, and <[(V] >, = <[V] ,> , foreachV € 7. 
j vj j i t Ty 
Proposition 1.6—A subset A of X is (i, /)-regularly open in (X,7,, t») iff it is 
(i, j)-regularly open in (X, ti, +3). 


Proor : Follows from Lemma 1.5. 


Theorem 1.7—The p-regularization (X, tT), t,) of (X, 1, t)) is a p-semiregular 
bitopological space. 
PRrooF : Follows from Propositions 1.2, 1.6 and Thedret 1.4, 


Our last result is easily proved. 


Theorem 1.8—(X, +1, +.) is p-Hausdorff? iff (X, +), t) is p-Hausdorff. 


7-3 


B. 6i;-adherence and convergence of filters 


Let (X, 71, +2) be a bitopological space. 


Definition 1.9—A point x € X is said to be 61; 


[V], O A # $ for each V © 92; (x). The set of all 
by [A]j;. 


-adherent point of A C Y if 
6,;-adherent points of A is denoted 
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Definition 1.10—A point x € X is said to be @;,;-limit point (resp. 6;,;-adherent 
point) of a filter F on X if F D {[V], : V © Di (x)} (resp. if x € A {[F]; : FE F}). 
If F is a filterbase on X, then a point x€X is called 4;,-limit point (resp. 9; ;-adherent 
point) of F if x is 6;;-limit point (resp. 6:;-adherent point) of the filter F generated 
by B. The set of all 6;;-limit points of a filter F (resp. filterbase ZF) is denoted by 
6:,-lim F (resp. 6i;-lim @) and the set of all 6;;-adherent points of a filter FH (resp. 
filterbase B) by 6;;-adh F (resp. 6;-adh F). 


It is obvious that a point x € YX is 6,-limit point (resp. 6;;-adherent point) of a 


filter base G on X iff for each V € fi (x) there existsa B € F such that B C [V], 
(resp. iffx € M {[B);: BE B}). 


We recall that a filter Gon X is called ti-open if it has a base A consisting 
exclusively by t,-open sets. 


The proofs of the following results are straightforward and therefore they are 
omitted. 
Proposition 1.11—(a) For each A C X, [A]; C [A]yy. 7 


(b) If AC BC X, then [Aly C (8). 
(c) If A € 7,, then [A]; = [A]j;. 


Proposition 1.12—(a) If F isa filter on X, then 6 ;-lim FC 4,-adh GF, trlim F 
C 6jlim F and t-adh F C Hj-adh F. 


(b) If FH, F* are two filters on X such that FC F*, then 6,;-lim F C 
6i;-lim F* and oj;-adh F* C Giyadh F. 


(c) If Fisa t,-open filter on X, the ij-adh GF = tradh F. 
Finally, we prove two useful lemmas. 

Lemma 1.13—If (X, 1, 72) is (i, /)-semiregular, then 6,-lim ZB = t-lim F for 
each t,-open filterbase A on X. 

ProoF : By Proposition 1.12 (), t-lim ZB C 6ij-lim FB. 

Let now x be a 6;-limit point of @ and V a t-open neighbourhood of x. Since 
(X, t1. Ts) is @, j)-semiregular there exists an (i, j)-regularly open neighbourhood W of 
x such thatx € WC V. By the hypothesis x € 6i;-lim GZ, so there exists a Bere 
with B C |W],. Finally, since B € wt, andW = <[W],> it is clear that BC WC V. 
Thus x € t-lim G and the proof is complete. 

Lemma 1.14—If (X, 1, t2) is a bitopological space, then for each filter F on X 
there exists a t,-open filter F* on X, coarser then F, such that t-adh F* = 
6ij-adh F. 

Proor: Let F be a filter on X. If g-adh F = X, then the t,-open filter 
G* = {X} is coarser than Gand tradh F* =X. If 6ij-adh F # X, then for 
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each x € X—(6i;-adh F) there exist a Vx © ti (x) and an Fx € F such that 
Fx 1 [Vz]; = ¢. If now VW is the collection of all these Vx’s it is easily proved that 
G = {X -[V],;:V € D} isa t,-open filterbase which generates a filter F* on X, 
coarser than Y. Since Y isa t-open cover of X—(61,-adh F ), it is clear that 


cradh F* = 1 (X- WI: VEY} =X — V{<[Vjai: VE TF} 
= 61,-adh GF. 
Finally, by Proposition 1.12, 6j-adh F C ty-adh F* and hence the proof is 
complete. 


2. PAIRWISE ALMOST COMPACTNESS 


Definition 2.1—A_ bitopological space (X, t;, t.) is called (i, j/)-almost compact 
(henceforth abbreviated as (i, 7) — a — c)if given a point c € X, a ti-open cover 
GC ={G.:k € K} of X — {c} and a t,-cpen neighbourhood V ofc, there exists a 
finite subcollection {Gx,,: m= 1,2,...,n} of G with X = [Vj U (U {[Ge,];: 
m= 1, 2,...,n}). If (X, 71, 7) is (1, 2)-and (2, 1)—a—c, then it is called pairwise 
almost compact (henceforth abbreviated as p — a — c). 


The following result is an immediate consequence of the above definition and 
Lemma 1.5. 


s 


Theorem 2.2—If (X, +,, t2) is p—a-—c, then the p-semiregularization (X, A 
of (X, 7, Te) is also p—a—c. 
It is clear from the definitions and Example 2.3 below that p-a-compactness is 


strictly weaker than semi-compactness and p-compactness (Cooke and Reilly, Swart! 
and Fletcher et al.*) 


Example 2.3—Let X = [0, 1]. The collections 
Fi = {X}U (4,8) :0Sa<b SHU (@, 1]:0<ach 


U {[0, 6) —{ainenfio<osi} 


Bo ={X} VU {(@,5):0Sa<cbslvu 0,b):0<b 


VAS 


I} 
U{@u- {i -j:mentosa<i} 
are bases for the topologies +, and t» respectively, 


The collection 


= ji — {omental (ete 


ne N — (1) 
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is clearly a +, t.-open and also a pairwise open cover of XY. Since any finite sub- 
collection of FH does not cover X, (X, 71, te) is neither semi-compact nor p-compact. 
However, since the topological space (X, +), where tis the usual topology on X, is 
compact and Ele = [B], foreach BE Gi, it is easily proved that (X, 1, t,) is 
p-—a-—c. 


By the following examples we show that B-compactness (Cooke and Reilly* and 
Birsan?) does not imply and is not implied by p-a-compactness, 


Example 2.4—Let X = [0, 1], t, = {¢, X, {O}}U{[0, «): 0 <a Sl} and t,= {¢, 
X, {1}} U {(a, 1]: 0 S « < 1}. The bitopological space (X, 71, t2) is clearly B-compact. 


However, since there exist a t;-open cover H =}4| 0, 1 — afin E N — {I} i of 

X — {1} and avt.-open neighbourhood V = {1} of the point c= 1 such that 

for each finite subset {m,, m.,...,m,} of IN — {1},[V], U ( vi 0,1 —- —)| ‘ 
Mk } _j2 


1 

k= 1, 2,...n}) 3 {1} U [o. l- -] = X (mp = max {m,, Milsyec: 3a} > (xX, Tv), To) 
0 

is not p— a -—. 

Example 2.5—Let (X, 11, t2) be the p — a — c space of Example 2.3. Since the 
topological spaces (X, +1) and (X, t,) are not compact, it is clear that (X, 71, <,) is not 
B-compact. 

Finally, by the next two examples, we show that p-a-compactness does not 
imply and is not implied by Mukherjee’s’? p-a-compactness (henceforth denoted by 
M-a-compactness). 


Example 2.6—The topological space (X, t;, t2), where ¥ = R, t, the discrete 
topology and t, the topology of finite complements on R, is clearly p — a — c but it 
isnot M—a-—c. 

Example 2.7—The bitopological space (X, 71, «,) of Example 2.4 is not p—a—c. 
However, since (X,7,) and (X,+,) are compact topological spaces, (X, %), 72) is 
M-a-—ce. 


3. FILTER CHARACTERIZATIONS OF p-a-COMPACTNESS 

Theorem 3.1—Let (X, 71, t2) be a bitopological space. The following are 
equivalent. 

li) (X, *,, *,) is i, JJ—a—e. 

(ii) For each pointe € X and for each +t,-open filterbase B on X with 
s-adh G C {ch}, c € Oy-lim FZ 

(iii) For each point c € ¥ and for each filter F on X with @j-adh F C {c}, 
c € Bylim F. 


756 C. G. KARIOFILLIS 


Proor : (i) = (ii) Let c be a point of ¥,@ a +,-open filterbase on X with 


zj-adh Z@ C {c} and Va +,-open neighbourhood of c. Since M {[Bl.: BE Bi C {c}, 
the collection {X — [B]/: B € G} is a ti-open cover of ¥ — {c}. Therefore there exists 
a finite subcollection {B, : k = 1, 2,..., m} of 7 such that 
to re (U {[xX — [Bx)i); ties, Dene: n}) 
= (Viet) {2 =) {<[B]i>,; OK aa" 12 

Finally, if we choose aB€ Awith BC Bf) B, 1... B, it is clear that 
BC [V]j:and hence c € 6j,-lim BZ. 

(ii) + (i) Suppose (X,7,, t.) is not (i,j) —a—c. Then there exist a point 


c € X,a t-open cover {G,: 1 € L} of X — {c} anda +t,j-open neighbourhood V ofc, 
such that for each finite subset K of L, X #[V]; U (U {(Gi], : k € K}). 


Since now (X — [V]i)) 0 (0 {X — [Ge]; : k © K}) #¢, it is easily proved that 
B={ OS [G.])) : K C L, K finite} is a 1,-open filterbase on X with 
tj-adh G C {c} such that B ¢ [V]; for each BE G. Therefore c & 0ji-lim G and 
the proof is complete. 


(ii) > (iii) Follows from Lemma 1.14 and Proposition 1.12 (b). 


(iii) = (ii) Follows from Proposition 1.12 (c). 


Theorem 3.2—If (X, +,, t2) is p-Hausdorff, then the following are equivalent. 
(i) (X, t1, t,) is @, j)—a—e. 

(ii) For each t,-open filterbase < on X with t)—adh G = {c},c € 6ji-lim P. 
(iii) For each filter F on X with @,—adh FY = {c}, ¢ E Oyrlim F. 


Proor : (i) > (ii) Follows from Theorem 3.1. 


(1i) > (i) We need only prove that for each t,-open filterbase GB on X with 


tradh Z = 4, ojrlim B= YX. Let F bea +,-open filterbase on X with t)-adh G = d 
and ca point of X. Itis easily proved that 7 * = {B UG: BE FG andG E =, (c)} 
isa t,-open filterbase on X with t;-adh Z* = {c}. So, by the hypothesis, c € ay-lim B*. 
Since now the filter F * generated by H* is coarser than the filter F generated 


by, itis clear, by Proposition 1.12 (b), that c € oj-lim @ and the proof is 
complete. 


(ii) <> (iii) Follows from Lemma 1.14 and Proposition 1.12. 


By the following example one can see iti 
that the condition ‘“‘p-Hausdorff”’ 
be omitted in Theorem 3.2. : Se ee 
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Example 3.3—Let (R*, +1, t)) be the bitopological product [Swart!], of the 


spaces (R, t,, t, ) and (R, +’, +% ), where t, is the discrete topology,t, = t% the 


usual topology and +; the topology of finite complements on R. Clearly (R°, +,, t2) 


is not p-Hausdorff. Since there exist a Ti-Open cover GW = {{x} x R:x € Rhof 
R’-{(0, 0)} and a t,-open neighbourhood V = (—1,1) x R of the point c = (0, 0) 
such that for each finite subset {x,, Mapeas tal OL 


[V]r U (U i[{xe} x R], : k = 1, 2,...,n)}) 


= ((—1, 1) U ein Sass Xn}) xX R x R? 
(R’, t1, tT.) is not (1, 2) — a —c. 

However, we can easily prove that property (ii) (and also the equivalent pro- 
perty (iii)) of Theorem 3.2 does hold in (R*, t,, t,.). In fact if Bisa t.-open filter- 
base on R* and (Xo, Yo) € t1—adh G it is easy to see that for each y € R, (Xo, y) is 
also a t,-adherent point of @. That means that each +,-open filterbase on R2 with 


non empty t,-adherence has an infinite number of +,-adherent points and hence 
(R?, t;, t.) has property (ii) (and also property (iii)). 


4. MINIMAL p-HausporFF SPACES 


The concept of minimal p-Hausdorff bitopological spaces was initiated by 
Raghavan and Reilly® as follows. 


Definition 4.1—A bitopogical space (X, 71, +.) is called minimal p-Hausdorff if it 
is p-Hausdorff and if (X, t3, t,) is p-Hausdorff with t3 C +, and t, C 7,, then t, = tz 
and tz = T,. 

Raghavan and Reilly® gave the following characterization of minimal p-Haus- 
dorff spaces. 

Theorem 4.28—If (X, 1, t,.) is p-Hausdorff, then the following are equivalent. 

(a) (X, t,, t2) is minimal p-Hausdorff. 

(b) For each t,-open filterbase A, and for each t,-open filterbase A, on X with 
t,-adh Fi = t,-adh B, = {p}, A, is t,-convergent top and FD, is t.-convergent 
to p. 

By the following result we show that there is no need of the sharing of the point 
p in the above Theorem. 


Theorem 4.3—If (X, 71, t,) is p-Hausdorff, then the following are equivalent. 
(i) (X, 71, t2) is minimal p-Hausdorff 


(ii) Each t)-open filterbase B, on X with a unique t,-adherent point x is t;-con- 


vergent to x (i, /=1,2,i4# J). 
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Proor: We need only to prove that (b) of Theorem 4.2 implies (ii) of Theorem 
4.3. Let Gi bea ti-open filterbase on X with t,-adh Bi = {xi}. Since (X, r1; tp) 13 
p-Hausdorff, ti-adh 7+, (= Tithe aa (xi)} = {x} (Reilly’). Therefore, by 
(b) of Theorem 4.2, x1 € vy-lim Fi. 

Our next result is a generalization of the following well-known Theorem !.4 of 
Katetov® : A Hausdorff topological space is minimal Hausdorff iff it is almost compact 
and semiregular. 

Theorem 4.4—A p-Hausdorff space (X, 7, t,) is minimal p-Hausdorff iff it is 
p — a— cand p-semiregular. 

Proor : Let (X, t, t,) be a minimal p-Hausdorff bitopological space and GH a 
«,-open filterbase on X with ty-adh Zi = {x} (i,j = 1,2,i Aj). By Theorem 4.3 
and Proposition 1.12, Zi is o1,-convergent to x; Thus, by Theorem 3.2, (X, 71, t2) 
is p—a—c. 


By Theorem 1.8, the p-semiregularization (X, t1, 7;) of (X, 1, tT.) 18 p-Haus- 


. Pac te 
dorff. Since now (X, 1, t2) is minimal p-Hausdorff, +, = t1 and t, = 7. 


Therefore, by Theorem 1.4, (X, 7), t») is p-semiregular. 


Conversely, let (X, 1, t2) be a p-Hausdorff p—a—c and p-semiregular bito- 
pological space and Ga t-open filterbase on X with tyadh Zi = {xi ti i 1y2s 
ij). By Theorem 3.2 and Lemma 1.13, xi € t-lim A. Thus, by Theorem 4.3, 
(X, t,, t)) is minimal p-Hausdorff. 


The following result is an immediate consequence of Theorems 1.7, 1.8, Propo- 
sition 2.2 and Theorem 4.4. 
Theorem 4.5—If (X, +,, t2) is p-Hausdorff and p—a—c, then the p-semiregulari- 


zation (X, t} , t; ) of (X, 11, t.) is minimal p-Hausdorff. 


Another well-known characterization of minimal Hausdorff topologisal spaces 
is the following : A Hausdorff topological spaceis minimal Hausdorff iff it is minimal 


Vv 
semiregular Hausdorff. We note that necessity is obvious by Katetov’s Theorem and 
that sufficiency is proved by Banaschewski! (p. 147). 


Theorem 4.7 below is a bitopological analogue of the above characterization. 


Definition 4.6—A bitopological space (X, t,, t,) is called minimal p-semiregular 
p-Hausdorff if it is p-semiregular and p-Hausdorff and if (X, t3, 7,4) is p-semiregular 
and p-Hausdorff with ts C t, and t, C ‘12, then t, = +3 and t, = 7y,. 


Theorem 4.1—A bitopological space (X, t,, t,) is minimal p-Hausdorff iff it is 
minimal p-semiregular p-Hausdorff. 
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Proor : Necessity follows from Theorem 4.4. To show sufficiency assume that 
(X, t,, t.) is a Minimal p-semiregular p-Hausdorff space which is not minimal p-Haus- 
dorff. Then there exist two topologies ts C t, and t, C t, with t; # t, ort, #7, 


such that (X, ts, t,) is p-Hausdorff. By Theorems 1.7 and 1.8, the p-semiregulariza- 
tion (X, +}, +, ) of (X, ts, 4) is p-semiregular and p-Hausdorff. Since now +} C 7, 


s 


e. C tgand t; #t10r t # 7, (X, 7, +2) isnot minimal p-semiregular p-Haus- 


dorff and the contradiction completes the proof. 


The following result follows immediately from the definitions and from the fact 
thae p-Hausdorfiness is a projective and productive property’?. 


Theorem 4.8—If the non empty bitopological product (X, +, t.) of the family 
((Xz, t1%5:Fat)) kEK [Swart] is minimal p-Hausdorff, then each coordinate space 


(Xx, 1x, Tok) is minimal p-Hausdorff. 


Finally, by the following example it is shown that the converse of Theorem 4.8 
does not hold. So, the concept of minimal p-Hausdorff spaces is not product 
invariant. 


‘ 


Example 4.9—Let +}, be the discrete topology on R, +, the topology of finite 
complements on R, t, = t,andt; = t,. It is known® that the bitopological 


spaces (R, t,, t,) and(R, t{, 7, ) are minimal p-Hausdorff. Let now (R*, 11, 7) 


be the bitopological product of the above spaces. The classes ZH, = fttesea. 
x € RandR — A finite} and Z, = {A x {x}: x © RandR—A finite} are clearly 
bases for the topologies t1 and t, respectively. If p = (p,, Ps) isa point of R? it is 


easily proved that the classes B* = {A:A€ G, and p & ASU((Rx B)UC: R-B 
finite, CE G, and p € C}, 7 ={A: AE F andpse ASU{(BXR)UC: R-B 
finite, C € G. and p € C} are bases for the topologies tt and +; on R*, which are 


strictly weaker then 7, and t2 respectively. Since now (R’, Cea t: ) is p-Hausdorff it is 


obvious that the p-Hausdorff space (R*, 71, tz) is not minimal p-Hausdorff. 


The same conclusion can be obtained immediately by Theorem 4.4. Infact it is 
easily proved that each BE Ai is (1,2)-regularly open and each BE &, (2,1)-regularly 
open and hence (R’, t,, +,) is p-semiregular. However, since there exist a point 
c = (0,0) € R’, a ti-open cover GH = {{x} x R:x € R} of R*’—{c} and a t,-open 
neighbourhood V = R x {0} of c, such that for each finite subset {x,, Markal Ol Rs [VJ 


U (U {ee} X Re k= 1,2,05)) = (RX (0) U Oy Xv Hah XR) # RY, 
2 
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(R2, t,, t2) is not p—a—c. Therefore, by Theorem 4.4, (R’, 7), +.) isnot minimal 
p-Hausdorff. 
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Let P* (a, 8) (pa fixed integer greater than zero, O0<« <pand0 <#<1 
p Pp 8 <1) 


co 
denote the class of functions f(z) = 2? — oie | apin | z?*+" analytic and 


p-valent in | z | <1 for which 
f£' @) 
zp-l et fe 
(Oe sy <8(|z| <1. 


zgPp-l1 +p—2.2 














Sharp results concerning coefficients, a distortion theorem and the radius of 


convexity for the class P’ (a, 8) are determined. Furthermore, it is shown 
that the class P. (a, 8) is closed under convex jinear combinations. The 


extreme points of the class Be (a, 8) are determined. 


1. INTRODUCTION 


Let S, (p a fixed integer greater than zero) denote the class of functions of the 
form 


zP + = | Qp4n | 2?*” that are analytic and p-valent in the unit disc | Z| < 1. Also 


let T> ( p a fixed integer greater than zero) denote the subclass of Sp consisting of a 
ctions that are analytic and p-valent and can be expressed inthe form / (z) = 


ie) 
ad x | ap+n | 2F55: 


=) 


A function f € Tp is in (a, 8) if and only if 








fal 2, 
ee er att 2 |. <1) (1.1) 
LO 4p | 
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for «(0 <a < p)and(0 < 8 € 1). We note that Gupta and Jain® studied the class 
P* (a, B) = P* (a, 8). Two sub-classes s* (a, B) and Cc (x, 8) of T,, obtained by 





; 1 (Zz) eee 2f’ (z) zi” (2) : ‘ b b oer 
replacing ree with fies and | are (2) respectively in (1.1), have been studi 


ed by the author’. 

Schild* considered a subclass of T; consisting of those polynomials that have | z | 
= | as radius of univalence. For this class, he obtained a necessary and sufficient con- 
dition in terms of the coefficients, and with the aid of this he derived better results for 
certain quantities connected with the conformal mapping of univalent functions. 
Silverman’ determined coefficient inequalities, as well as distortion, and covering 
theorems for the subclasses S* («) and C* («) of T1,0 < « < 1, classes of starlike fun- 
ctions of order « and convex functions of order « respectively. Gupta and Jain? deter- 
mined sharp results concerning coefficients, the distortion of functions belonging to 
S* (x, B) and C* (a, 8), O< « < 1,0 <8 <1, classes of starlike functions of order 
a and type £ and convex functions of order « and type 6 respectively along with a re- 
presentation formula for the functions in S* («, 6). Furthermore, they have shown that 
the classes S* (a, 8) and C* («, 8) are closed under convex linear combinations. 


In this paper, sharp results concerning coefficients, a distortion theorem, and 


the radius of convexity for the class Pe («, 8) are determined. In the last section we 
assert that the class Pe (x, 8) is closed under “arithmetic mean” and “convex linear 


combinations”; the extreme points of the class pi («, @) are also determined. 


2. COEFFICIENTS THEOREM 


Theorem 1—A function f(z) =z? — = | Qp.n | 2?*" is in ae (x, 6) if and 
: n=) 








only if 
L>@) 
2, (P+ (+ B)| aren | < 28 (p — a), 
This result is sharp. . 
Proor : Let|z| = 1. Then 
Az) f? (2) e 
zp-1 Sade — 6 zp-1 + p — 2« = tie! (p + n) | apy, | 2” 











co 
—B12(P— 9) — E (pn) | ayy | 2 | 


< 2 P+ M148) | ae | — 28 — 2) 


< 0, by hypothesis. 
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Hence, by the maximum modulus theorem, / € P* («, 8) 
For the converse, assume that 
f' (2) 
y-r | ?P 
ge | [Ses niente ]re-s 
zp-) = dare 2a n=] 
co 
— > 7+) Lape 2] 
n=) 
<= f(z <.-I): 
Since | Re (z) | < | z | for all z, we have 
oo co 
Re {[ = (p+ n) | 4p. | 2I2(p — 4) — & (p + n) | Gp4n | 2") } 
< 8B. V1) 





Choose values of z on the real axis so that a Au, is real. Upon clearing the denomi- 
nator in (2.1) and letting z ~ | through real values, we obtain 


oo 00 
E (P+) | dose | <2B(P — @) — B HCP +) | Gran | 
This gives the required condition. 


The result is sharp, the extremal function being 


2B (p — «) 
fO="—- GHanatP) 


gptn q 


3. DisTORTION THEOREM 


Theorem 2— If fe BE (x, B), then 





mee heh ornate ” 
ees mS) 
and 
wpe 2 2 aes | Bik ON eM cidliae 8 ae D S 


( | z | =r). brstava) 
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Proor : In view of Theorem 1, we have 


= 2B (p — «) 
> | aren | S @+NDa+48) * 


Hence 
ea +1 
FQ <P + Z | Goan | re 
28 (p =e a) pri 
= TF * (py 0 Bee 
and 


io 2) 
If (2) >? — E | apy, |r? 
n=) 


ae 28 (P= a) 
“ie Hie ae oe 


Thus (3.1) follows. 


Also, 
| f’ (z) | < pr? + = (p + n) | apy, | 1? 
: 28 (p — «) 
< pre-) + (aa ay ae 
and 


oo 
Lf’ (2) | > pret — = (P +2) | doen |r? 
nos 


28 (p — «) 
pr h so SUS ee 
> pr (i + 6) r 
This completes the proof of the theorem. 


Remark : The bounds in (3.1) and (3.2) are sharp since the equalities are attained 
for the function 


2 — 4 
f@-#— Go haey Mea 40. 


Theorem 3—Let f € Be («, ). Then the disc | z | <1 is mapped onto a do- 
main that contains the disc 
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(P+ 1)+8(1 — 2 

Sanaa Cos VINE . The result is sharp with extremal 
26 (p wae a) zpt) 

(pr f).(1 +8) 


|wl< 





function z? — 


Proor : The result follow upon letting r > 1 in (3.1), 


Theorem 4:—If f € ee (x, 8), then f is convex in the disc | z| <r = r(z, 8, p), 
where 


a p? (1_ + 8) 1Jn 
r{a. 6. p)= us, labs} Werte Cae be Fea eae 


This result is sharp, the extermal function being of the form 


28 (p ay a) ‘+n 
FO = 2 ~ orm 7 





PROOF : It suffices to show that 





(1 + 24-2) —p|<p fonlic: hen 


First, we note that 
zf" (2) ) - | 2 
(1 cs f' (2) : 


io 2) co 
= (2) n(p +n) | a4, 12) ie = Z (p+ 1) | nen IZ |“ 
n=1 n= 


eo imei (Le 
F'@) 





Thus the result follows if 
cat oe oS 
Zn(p +n) | apeallz |" < plp — z (Pp + 7) | Qpsallz | "} 
n=1 n— 


which is equivalent to 


co ogee 2 
DS (2=*) | dpaallz | * <I. 
Pp 


n=) 


But by Theorem |, 
bead ‘ 
= (p +n) (1 +8) | aren | & 28 (p — 2). 
n=l 

Hence f is convex if 


pen \isjeg 2TH Uy 0) Vow ae Se 
p ra 26 (p — 4) 
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that is, 





p2(1 + 8) he BE Pee sige 
ROMS gaseesnen aiid 


This completes the proof. 


4. CLosureE THEOREMS 


In this section we assert that the class Ee (az, 8) is closed under “arithmetic 


mean” and ‘‘convex linear combinations’’. 


co 
Theorem 5— If f (z) = 2? — bs | Qpsn | 297" and 


g(z)= 2 — 55 | Boge | 2”** are in Pa (x, ®), then 
n=1 


oo 
h(z) =z? —3 3 | apyn + bp,, | z?*" 
nl 
is also in Ee (a, B). 


Theorem 6—Let fp (z) = 2”, foin(Z) = 2? — Go ePt* (eal: 


2,...). Then f © P* (a, 8) ifand only if it can be expressed in the form f(z) 


co co 
= & Apin forn(Z), where Ap4, > 0, and & Ap, = 1. 
n.0 n=0 


Proofs of Theorems 5 and 6 follow along the same lines as the proofs of Theorems 
8 and 9 in Aouf?. The details are omitted. 


Corollary —The extreme points of PS («, 8) are-the functions f, (z) = z? and 


2 —o 
Sr+n (2) = ZP — Gasp ge (8 a is Pet anes» 
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One of the identities of Ramanujan’s ‘lost’ note book on Partial theta function 
and his identities related to Stacks with summits were proved by Andrews by 
using q-difference equations as they did not fit in the known transformation 
theory of basic hypergeometric series. In this paper quadratic transformations 
of basic hypergeometrie series are obtained which besides containing 
Ramanujan’s identities as special case also yield more general analytical 
identities of the same nature. 


1. INTRODUCTION 


Andrews® had proved identities on partial theta functions, mentioned without 
proof, in Ramanujan’s ‘Lost’ note book (see Andrews? for historical background of 
the document). The elegance of Andrews proof lies in his observation that practically 
all the Ramanujan’s identities on partial theta functions, except the identity [Andrews‘, 
(1.2) rz] 


co 


ioe) 3 
(q°*"5 dn a” Ss 2 
= 1 fest nm _n-+n 
S [— aq, —q/a; q], ery a La Gig 


n=0 n=0 





oe) 2 
. NS (—a)n (1 +aqg?"*) g* +2n 
=5 es a AN Pe Re EY 
[ 


A TP tla) 


n=() 


are all special cases of a single transformation of basic hypergeometric series. Agarwal! 
had noted that the transformation of basic hypergeometric series, proved in an ingeni- 
ous way by Andrews® for obtaining Ramanujan’s identities on partial theta functions, 
is a special case of a three-term relation between ,¢.’s given by Sears!*, This observa- 
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tion lead Agarwal’ to obtain not only three term relation but also four-term relations 
between partial theta functions. 


For the innocent looking identity (1.1) Andrews® was unable to find any genera- 
lization and this forced him to prove (1.1) by a lengthy tour deforce. According to his 
own reckoning it would be of interest to find a generalization of (1.1) which would 
place it in an appropriate place in the transformation theory of basic hypergeometric 
series. In section 3 we show that (1.1) could be deduced from the quadratic trans- 
formation 


. ye 29% 
a,c, d; q; cd [ax: Iso 
3Po fg 2 ailnmcenes LE 


aqic, agld [x3 goo 


b Ja, —V4, aq, — Jaq, aqicd; q; 9 | 
574 


aq|c, aq/d, ax, q|x 


4 [a, agled, axqle;axq|43q)o0 
[aqic, aq/d, agx|cd, 1]x3Q]o0 


Fi banaey V/a, x aq, — x Jaq, axq|ed; 9; A 
5P4 | axg|e, axgq/d, xq, ax? 
AG A 


Throughout the paper we will assume lq| <1, la; ql, = (1 — a) (1 — ag) ... 
oo 
(1 — aq*™), [asq]o = 1, 145 Foo oe (1 — aq’), abbreviate [4,; q]n [@2; Vn .-- [4r3 qn by 
[aie G5,s0+, Ors and define the basic hypergeometric series as 


db Q, a, we Ap+is q; x ‘| 
+17 P+r 
Pe ce Diy Duct a=s Akt | 


ar or nr(n—)/2 


= x 
en > eigdgat + Crpis Te Ga) se 
a (9, bh, bo, Ji) pars Qn 


n=0 


The basic hypergeometric serieSp4ipp+r Converges for all positive integral values 


of r and for all x, except when r = 0 it converges only for | x | < 1. Following Askey- 
: ‘ Ay, Ag, +5 Apis q; x 

Wilson® the basic hypergeometric series pxibp a hide he 

= b, b, ... bp, well-poised if ga. = a,b, = a3 b, = ... 

f the above equalities breaks down. Further- 


would be called 


balanced if qa, do, «++» 4p+1 
= Ap, bp and nearly-poised if any one © 
more, the well-poised basic hypergeometric series 


a, q V/ 4, “i qv 4, ai, ao, eoes ap; q; bs 
p+3Pp42 92 qa es 


J/a, — V4; acre a, as a 
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would be abbreviated by p+:;Wp,» [@; a; ao, ..., ap; g; x] and called as a very well-poised 
basic hypergeometric series. 

It is also shown in Section 3 that the quadratic transformation 
] _ _[xq, = XIV; Glee 


bs ki q Va, b, C3 q;xq|be 
‘ [x/a, — xq]V/ a; Yeo 


a/a, aq/b, aqe 
xg) VF — Vag, q Va, — Va, aglbe; 4; 4 | 
bYA4 
ag/b, aglc, xq, aq/x 





4. Lag, xqlb, xqle, aqibe, xqla, xgiV a. — VG Woo 
[aq|b, ag/e, xq|bc, aq]x, xa, —xq/Va, —49 VQ; qo0 


x Vqi/a, — x qi/a, xq/Va, — x/V/a, xqlbe; q; q 
te | aecetalaalega J] 9 








could be used to obtain the identity (c. f. (1.1)) 
Cc 





dee [93 g7In [=93 QIn-1. Q"™ i> es. 
[aq, gla3q)n Tha q 
n=0 
= (1 
— q- 4nt92 3n Sntn 


<, [=4, 41a; dln 


Furthermore, the transformation between very well-poised ,W, and balanced 54 


ViZ., 
Ws la; b, c; 3 x V'aq [be] = (1 — x2) XIV 29d loo 
[x/V 4g} Goo 
Vaq, —/aq,qVa, ~ 4 Va, agq|be; gq; q ] 
aq|b, ag|c, xq aq, qvaq|x 


[aq, aglbc, xv/aq|b, xv/aqle; qloo 
[ag/b, ag|c, xx/ag|be, V aqlx; doo 


X 5h, 


ie i x, — x, xV4q, ae vq, Xv Vag|be: qq 


Ss xvV/aq/b, xV/aq|c, xV/q/[V/a 
vse( 1,5) 


yield the following identity analogue to (1.1) and (1.4) 





oo 
(1 + a) SS i [93 loner Q"*? 2 : (1 —a? gint2) gansi gin tn 
ene (1 Ge Lag, Gla; ge (ag, 1/45 deo 
— z (1 — q2nt1 ntl g 
a ...(1.6) 


n=0 
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In fact (1.2) and (1.5) are known quadatic transformations of Gasper and 
Rahman”? [(1.27) and (1.35) respectively]. They deduced (1.2) and (1.5) by letting 
n - coin Bailey’s transformations’? [(1) and (2)] between terminating nearly-poised 
basic hypergeometric series and terminating very well-poised basic hypergeometric series. 
The transformation (1.2) is a non-terminating version of Sears-Carlitz formula [Sears?® 
4.1, Carlitz. (2.4)]. As the proofs of (1.2), (1.3) and (1.5) follow on the same lines, 
hence, for completeness sake, alternative proofs of (1.2) and ( 1.5) are given in section 2, 
along with that of (1.3). 


Andrews’ had proved the lemmas ; 


Lemma 1A—For each nonnegative integer m. 


hes ve Sg ea EDD (—)" qr : 
75 an » (9; Wnl@; Ylom—n > [975 9? Im—n (29; 97)n ae 


Lemma 2A—For each positive integer m, 


2m-1 


th > ei OT) 


n=9 


ee Re 
ay [q?; @?]m—n (23 97 Jn ...(1.8) 


n=1 


for proving some identities of ‘Jost? note book of Ramanujan. Andrews’ (p. 34) had 
remarked that Professor R. Askey had conjectured that the above Lemmas 1A and 2A 
should follow from some quadratic transformation of basic hypergeometric series. In 
Section 4, Professor Askey’s conjecture is proved by obtaining the quadratic trans- 


a", B*, ds Xe 2495 1 i Bile otoce, Gerda 
d 2 = ahs 2p? 2 2c 
5?4 | ab V/q, — ab V9, ¢, x° gle a*b’q, cq, X°q re 


formation 


(a*, b?, or x is of the form g-", n a non-negative integer). The transformation (1.9) for 
a=q",b > oo,x— 0 reduces to Lemma !A, whereas for ee b + co, x -0, 
it gives Lemma 2A and for b ~ 09,4 = q°-™,¢,X > 0, (1.9) yields es another for- 
mula of Andrews® (4.3) which was his key result for proving an identity of Ramanujan 
on partial theta functions. Using (1.9), following two generalizations of Ramanujan's 
identities [Andrews’, (1.10) (1.11)] are obtained 


Sleek le dle oe” rf 
[—x*, —493 Q)n 


wae (equation continued on p. SPA) 


PTZ A. VERMA AND V. K. JAIN 


les =a; Tn 


n=0 


~ [x?; g7], (—q)nern? 


= 2 [= ¢; Jeo ~ [—q?"; qn [x2; —qh 
(1.10) 
Des a? dest [9***5 doo grrr 
= [= q; Qn [- x? q; Un+1 
> S 1x hl [= g"tts deo (—)* geiteo ts 
<. [—93 77)n [—X* 93 Ins 
=4 [= q; Ico > em cre ae ig oa ack Oe l 1) 


which for x ~ 0 reduce to Ramanujan’s identities Andrews’, (1.10) and (1.11). 


2. Proors oF (1.2), (1.3) AND (1.5) 


In the transformation connecting non-terminating nearly-poised ;¢, series of the 
first kind and very well-poised 1.¢,, [Verma and Jain’, 7.1] setting e = a’g/dk, c = 1, 
we get 


10W, [k; kla, Va, —Va, Vaq, — V aq, f, k* qlaf; 93 7] 


[kqlaf, kq, a, f, kq?/f, kla, k* q?/a® f 2; qloo 
[kq/f, aq, k* gla, af/kq, k* q*la® f*, k* qla* f, kqla;qlec 


ite keges ke _kq k _kq k keh 
10"" 9 eat tata fva’ hy ot) ae > 
k eg kq ke keg | 
Pe aba Ss 


— Kalaf, k*qla*, kq. k’gla ft; Veo 
[kalf, kgla, k*q/a, k*q/a* f; qo + (2.1) 


In (2.1) replacing k by afx/q and then letting f > 0, we get 


ak 


q] 


ms [ve —1/ a, aq, ~ 4g; 4g: f] a Lx, a, 2g x; glo 
aq, ax, q|x (aq, ax, 1/x; q]oo 


(equation continued on p. 773) 
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Reet a eh es ies Lx; q]oo 
. axq, ax", xq (ax; q]oo 
5 o(222) 


In (2.2) replacing a and x by ag?" and xq~" respectively and multiplying both sides by 


[ag”, xaq".q'*"]~3 doo [a, d, ¢3 ql, g"")"* 


cus if d n 
[a3 dloo (9, ag/e, aq/4; 1), (—aq|cd) 


and summing with respect to n from 0 to e, we get (1.2), on diagonalizing the double 
sums on the left-hand-side and summing the resulting inner .¢s by Sears’® (6.2). 


Proof of (1.3)—In the transformation [Verma and Jain’, 7.7] between non termi- 
nating nearly poised ,¢; of the first kind and very well-poised inant (€@ = 0° g{Ked) 


[Va, age, agid, agle, a* fq)k*;4)c0 id Va, c, d, e, f3 939 ] 
[q V4, a,c, d, e, f; Goo 5 / a, aq|c, aq/d, agle, a°q f/k* 


k* [k? qlafe, k*qlafd, k* glafe, k*gja*f, k*/fa*l"; qc 
~ a®f [k*|af,k? cla°f, k*d [a? f, k* ela‘f, k*[a®, k*q/fa*!*; qloo 


ge k2glfa*?, k*cla® f, k°dla°f, k°ela’f,k?laf: 4; 4 ] 
obs! geifarit, keqlafe, k*qlafd, k°qlafe, k*qla*f 


__Lafalk? Kafka, *la,agle,aqld.agle, kalf, Va, kif Va, —kal Va; gn 
Uf, 6 d, 6a, klaf Relat, ka, laf, qVa = pt, — 5 ae 


wa [k; kela, kdla, kela, if k?laf,/ aq, q /a, ar Vaq = V a; q; q] 


(kcla,kdla,ke/a,a*q f[k?,k?|a? f,kqlof,kqldf.kalef,kigla'f*,k*/fa*"*s4)o0 
(c,d,e,af[k,k¢[a?,k?|af,k*cla* f,k*d]a® f,k* e/a’ f,k°qla f*,k*q/fa*!?: loc 


oW,, [k8]a? f2, k? cla® f, k* dja’ f, k° ela® f, kla, k*Jaf, k/qlf V4, 
—~ka/alf Va kqlf Va — kif Va % 4, 


aa 


multiplying both sides by [c; g]oo ond setting c = ! (such that e = a° q/kd), we get 
eM lk; kla, f, Klaf, Vag — Vang V4, — V9 Gad 
(kq,a,f.qva, kjaf.kglfv a, —kIv a,k®|fa?!®,k°dla® f.k'g/a*f? loc 
y 2 9 2 k* 
fag,s/a,aflk,— kif a,—kalva, Kea, K'la°ykd]a2 f,Kgl fa! Tos doo 


e ke k we kK IG es eee ain | 
10WV5 Peete a’ t a’ [Va f va’ ; 


klaf, k?/a?kq,k?|af, —kalf V4; —kV/ 439}, ealeia 
_ [kjaf, Kla*kq,k?|af,—kalf Vas — kV 
- eT kja, k*a,kqlf,— kfVa, — kal 4;d loo ° ae 
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In (2.3) setting kK = xf and letting f > 0, we get on some reduction 


lag, xq, aq/x; Ix b Jaq, qV a, —V 9g, — V4; 4; #) 
(Vag, 9 Va, —V49, — V4; qo ag, xg, aq|x 


x [xq, xgla, xq/V4: Goo bs bs Vqlv 4, Be San ae 
a[—x]V@;qlo xq; xqla, x*qla 


= laq/x, x/a, —xq/V/ a, — ¢g / a; Glo 
~ [= Va, —x]Va; Geo ..(2.4) 


In (2.4) replacing a and x by aq‘’ and xq’ respectively and multiplying both sides by 


[a, b, c; gl _[ag*; 9°) (- 
[q, aq/b, ag/e; q) la; 9°) 








a 
r qr(rt+3) /2 
be ) q 
summing with respect to r from 0 to ©, we get (1.3) on diagonalizing both the double 
sums on the left-hand side and summing the resulting inner terminating series. 


Proof of (1.5)—In the transformation [Verma and Jain’®, § 7, equation of page 
25-26] between non-terminating nearly-poised 7¢, of the first kind and very well-poised 


2 
Wj, first replacing f by f* and then setting c = 1 ande = ve we get 


1oW, [k; kla, k*|faq, f, aq, —V99, 9 Va; —9V 4; 9; 9] 


[nea HF, tty BLES a4 





f’ a’ aq’ afq’ k ’ @fq’ aq’ afeg 4 


W [ ke ke k k k k kK ok ] 
9 9 a ae ay eae Gy es Ry eee ee OY gee ae a ae, > eee 
10 a® f? g? afq ’faq fyaq’fV¥a’ fra faq aq 7 34 


see ee 


| “t kq_ eed her 8 hab ] 25 
ae > af? q’ a*fq > q bons << ( . ) 
In (2.5) replacing k by x f s/aq and then betting f > 0 we get 


ce a 
i Re k ke afqg eked Esa 
co 











[xqv/aq, qv/aq]x; gloo at bee — V9 4-Va,—4 Va, 9 | 
aq, xq aq, q Vaq/x 


— X_ bevag, xv ava, "45 doo 
V/aq [x75 loo 


x apa ie “XX VG, ~ x Vag; G3 4 
x Vaq, x Vq)/a, x* q 


(equation contiuned on p. gi), 
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_ [x]l¥.aq, x°q, q Vaq)x; doo . 


Tae OK) 


In (2.6) replacing a by ag?’, and then multiplying both sides by 


popes (- a\r grertare 
lq, ag/b, age; q\- la; q*)r be 


and summing with respect to r from 0 to oo, we get (1.5) on diagonalizing both the 
double series on the left-hand side and summing the inter terminating basic hyper- 
geometric series. 


3. Proors oF (1.1), (1.4) AND (1.6) 


We begin this section by first proving the simple quadratic transformations : 


Gob, 207 2. A a0: ge 7 
19; q*]oo 3h. k b',0 4 ie | = [49; 9°] 2%, | bg ] 


... (3.1) 
aV/q,—a4vV4q- 44; 9; 9 
[—49, 9; 9) 0 af | au ee ] 
co 2 = 
= | (1 - agit) (—a*)-q *" done) 
n=O 
avg,—aV/q, —4 9549 
[4q, 93 Goo sb2 q.0 ] 
2 
= S (1 or (ie gant) as" ffm oc) 


n=0 


Transformation (3.1) is very similar to one given by Jain’ [4.1]. 


Proof of (3.1)—Using g-Vandermonde’s theorem the left-hand side of (3.1) be- 
comes [Sears!*, 4.2] 


co be —T. oe Wis 
ve als Gn gninti)/2 of ta : 2 | ta: J loo 


_ “(93 dh 
< fag)» gt aq’; q; —4 eat} 
fs [q’, 6° 95 7) wl J] 


cone 
summing the inner series by the limiting case of the summation formula [Sears'® (6.2)] 


Nanay [aq, ag/be, agled, aq/b4; Goo (3.4) 
6W; [a, 5, ¢, d; q; Bead |= [aq]b, aglc, aq/d, aq|bcd; qc ( 
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(taking b = /a,c = — Va,d—> oo), we we get (3.1). 


Proof of (3.2)—In view of the transformation (3.1) (with a and b be replaced by 
aq and ay/q respectively) the left hand-side of (3.2) (= S, say) becomes: 


[aq*: 4 ]<0 Py [ aq, 0; q?; 4° | (3.5) 


= [—aq, q; Ico [q: Fri) PS a°q? 


Next using the transformation 


° 2. 3 : , aq, 0; rep q’ 
19} ee bites ] = (9°; q*Joo vor 


a’ q° az q* 


obtained as a special case of q-Euler’s transformation (Sears™, p. 176) 


ry fee bs q; ez | __ __[23 leo 6, [° e/b; nae 3.6) 


e ol [ez/ab; gq)” e 
(by first g replacing by q° then replacing a, e, z by aq, a® q*, q? respectively and finally 
letting b — oo), (3.5) gives 


ao ou aq; q°; aq* 
S = [—aq; q] oo [aq*; q*]o0 141 b ra ] (3.7) 
Now, transforming i¢, of (3.7) by the special case of the Watson’s g-analogue of 
Whipple’s transformation [Bailey®, 8.5 (2)] 


pate OO hak Gy On Ola La 
WET, TEES peap nal “e ehaa le alae 
agqibe, e, f, q-"; 43 q ] | 
xX ads | aq|b, agq|c, efg-™la ad 


(first replace a by a* g then b = q,e = a v/q,c, f, m > © and finally replacing q by 
q°), we get (3.2). 


Proof of (3.3)—Using (3.1) (with a and b replaced by —a and a V/q respectively) 
the left-hand side of (3.3) becomes 


[—aq; 9? loo ; [ —a, 9; qt: ¢? 
[93 Glo [aq, q; Feo of a. g? ] . ARES H 


Transforming the .¢, by a special case of (3.8) (by transformation obtained by first 


letting b > co and then replacing a, e and q by —a, b*q and gq? respectively), (3.9) 
becomes 


in! os, senate 2 
(495 4"Ieo [295 loo as [ TEM", 1.3.10) 


. Next transforming the ,¢, in (3.10) by a special case of (3.8) [by the transforma- 
tion obtained from (3.8) by first letting c, f, m > oo then replacing a,e,b by a? q,q 
and b respectively and finally replacing q by q’] yields the transformation (3.3). 
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Now we are in a position to complete the proof of identities (1.1), (1.4) and 


(1.6). 


Proof of (1.1)—In (1.2) first setting a = q and then x = —a and letting 
c, d > oo, we get 


Lg Se UA Mee . n q_nr+n 
5 (gq, —49, eae aa Mn os) S (—a)" q 


Ses Ales eae —a vq, 99; 959 

[—9]a; qs0 : a* q,0 
Idi) 
Next, transforming the ¢, in the right hand side of (3.11) by (3.2), we get (1.1). 


Proof of (1.4)—If S denotes the left-hand side of (1.4) then in view of the trans- 
formation (1.3) we get (by letting a > 1, b, c > co in (1.2) and then setting x = a) 


co 


Ela A 2 [q. 29; q] 
ptt See ee 
D+ a ae rie (gla, — 43 q]oo 
aJ/q, —4 /q, — 4 9 
ads] a ie : | we eR 


Then the proof of (1.4) is completed by transforming the 3@, in the right-hand side of 
(3.12) by (3.3). 


Proof of (1.6)— The transformation (1.5) for a = 9, b,c > © andx =a 
yields, 





193 thes pe __ ptnti) gnti gn? 
ae > (9; 7h laq, 9/4; Ate + S ae bee gs 
_ [gs deo 4 a J/q, — 4/9, — 45939 
~~ [1/43 dso al a’q, 0 |. ee 


the proof of (1.6) is now readily completed by transforming the ,¢. in the right hand 
side of (3.13) by (3.3). 


4. Proors oF (1.9), (1.10) AND (1.11) 
We began this section by proving (1.9). In view of q-analogue of Saalschiitz’s 
theorem [Sears’®, (3.1)], we have 


a*, b*, c, d,e; 43 9 [a?, b?; q°],_ [c,d & Wn 
oe % a/q, —ab Va,fh I > (a? bq; dh, (9. f, 4: Qn 


(equation continued on p. 778) 
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aa q-", gi", q'"/a® b: q?: q’ 
-q tid Los 14. [ q?-"/a?, gq??? ’ 


provided a, b, c, d or e is of the form g-“%, N a non-negative integer. 


Writing the series definition for 34, on the right-hand side and diagonalizing the double 
sum we get 








loa) 
a’, b°, c,d, eq; q |- 2» [a*, 5°; g*In_—[e, d, € Qn 
ote [ ab V/q, —abV/q,f,h ; [a*: BF gy" fa 7, ae al, 


~3)/2 q-", cq", dq", eq"; 9; q 
i lta ir ‘ .--(4.1) 
; +? [ —, fq”, hg" ( 
In (4.1) setting c = g,d = x,e = —x,f=c,h = x°q/c we get (1.9) on summing the 


inner 4¢3 by qg-Whipple’s theorem’. 
é ie qla, Vc, —Jc; 4: 4 | = gi enint2) lea, eqla, caqgle, cq?/ae; q?) a 
on ~q. &. cg/e le, cg/e; qc 


where a is of the form q~". It may be noted that number of interesting summation 
formulae for Saalschiitzian 54, series could be deduced from (1.9). For instance in 
(1.9) setting b? = cq and x = q-", we get 





$ | a*,¢q,9,9-", —4-"; 93 q ] _ (i —cq*") (1 — a’c) 
he aq Vc, —aqv/c, Cc, q' Sea (1 —c) (1 — a*cq?") 


whereas for b? = cq, a = q~ it reduces to 


shs Ke Cd, J, X, — X39; q | val ad — x?J/c) (c — q°") 
DON Gs Al Cr. ee ae (l—x"/c.g*") (c =} 


and for c = q*,a = q-", (1.9) yields 


a) j g72”, b?, qd, X; —X3 93 g ] om: a —- q) (b2 — q?"*1) 
x 
2 


bq) !2-", —bg i, q (1 _ a (67 ae q) 


which for g > 1- reduces to 


F [ — 2; 2bx 2 1 ~ 2b + 2n 
as 4+6—n,2x—1,2 ~ (1 + 2n) (1 — 26) 


To complete the proofs of (1.10) and (1.11) we need the following known transforma- 
tions. 


: a Sin 
10s [a; bi, C,, be, ¢,, bs, €3,9°"3 q; a a = 
b; b, bs Cc, C3 


(equation continued on p. 779) 
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Sag. nay rag 
aq. aq | aie . 
b, ’ ie a], j,r7O (q; q\r re b,” a | 
[bs cs, 9, gs TO? ( aq ) 
“fag pers ...(4.2) 


se ara. 
is a »b3 ¢3 9-43 Iraj 


“ 


10s [a; bX, 29, 9D T™ TTS Feaae! 


£- Loa, ey 74 | & y, Vaglb), — V(aq[b), 1" 4 A 
7 [ 2, 2:4] **5L (aq), —;V/ (aq), aqlb, (xyla) a” 


105 [a; b, Mg ky Va as = Pat Gis Py es 


(4.3) 


bx? y? 





ate. Cee 
[ ok | x Es y?, —ag|b, —aq?|b, q-*"; 4°; 9° i 
a g” ag, 5? 4 —aq, —aq’, a g?2|b?, x?y2 q-?"|a? 
~ x2? yp > , ne i 


In fact (4.2) is the special case k = 3 of generalisation of Watson’s g-analogue of 
Whipples transformation due to Andrews? and (4.3) and (4.4) are given in [Verma 
and Jain?, (1.3) and (1.4)]. 


Proof of (1.10)—The LHS of (1.10) is equal to 


= [x q’] (- ) qincatayts(s+ayens 121 
b] n 
> (9: 9); [—4, 5 an 


l 
Ms 


j=, 20 
co 


es) bg), gintnt1)+39+1)2nJ 2] 
5 > » (4; 9); (<4, —°3 Mn 


j= n=0 











< = [x?: q?)n Ne ay er =~ 
->> (9; 4]; (—% —*73 Wn (Ci ae 
j=0 n=0 


-> i a, [- q, —%°; Mn-s 


(equation continued on p. 780) 
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00 


n(2n+41 be )' [x*; ee J 
ee > 4 Satta > (9; g); (=a, =x gi; 


n=0 


ghee) LN a Mes 
aan ald a hn-s I qi, —x"q:9']; 


(Using (1.9) with c = — q, b > oe) 


co 2 co 2 ; 
[x?: q’)i (—¥ q3 9 +5 » gz tari+r 
= 2 ar SRL: SEEK HEC lie att oe ae 
Lagi s? Gi anal - (93, gq?" 24:q"], 
J=0 — 


[x?; g?], (—)' q31 +9 
[—q*, —x°q, 9: q7]; [q'**4; q?]Jo0 
=) 


I 
to 


caw a ° 9 
ed siete Cae id OY, 
(97; qéln LQ? 4°); 


(using last equation on page 38 of Andrews’) 
co co - 2 iE. 
= ee ee La 
== 5 Ta2 . nb a aa 
G0 ye ig’, — @, —x* g; g*), [9 2" ln 


= 2[—4@: loo S (1 — gt) es eh Ta et 7 a x2r gir? 


r=0 

(using (4.2) with first g > g? then a = 9,03 = @, bh = - ge, = — g*Jx’, 
bs, Cy, bs, (Sowa oo) 

Which reduces to the right-hand side of (1.10) on using (4.3) (with a = eel 


x=q, b=-—- 
£ »m — co and then q replaced by —q). 


Proof of (1.11)—The left-hand-side of (1.11) 


-> > [x?; q_ “Jnet i(— y-— (-)" } qi (r+i)tn(n41)+2n/2) 
oe ge ee 


rH nm 9; q)h =x q; | ee (9; q) 





mietine S EE Bet ein 
-S q >, [—q q; J |m- r [— x q; Q]|m+1-r (9; q) 


(equation continued on p. 781) 
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co Im+1 


=? SS gim*)) (2m+1) Ss: [x*; Q?lomio-+ (-) es 
ne [—q; Glom+1--[—x? 9; Qem+2-r [93 Q]r 


m=() 


gim +1)(2m+1) [x2s ght CAs git ths 
(9:9? ]me1 me (— 4, — "9"; Pres (9G nr 


I 


m=) 


(using (1.9) with a = g-2"-2,¢ = — 1, b > oo) 


=) > [x5 gros (= Yt gh t8s Mersssrtants 
« (9°; 97], [—q, —x* q*; g*)41 [93 @8laea1 


r= 


fore) : 2 co 2 
4 [aes ies (= Be q? Pia g° earn as 
= - = 5) ; 3 Cara Ee ya 6 son 
(a, —x? q*, —@: q*}4, - CRN ee a P 
— 


‘fst | 


o 4S the (yh [x?; q ait. (— ong sr bet 
=x" g*, 9g, —% Ghat [9s Glos 


Sleticiere pa id F (- "q n Pohtein 
Se lag kh, 


n=v 


r=0 


oo oo 


2 2 
- : —S > q*\r41 19°73 Gage (— Ot) gntsrtanrssr42n:2 
ae Bai Oks ; [q°; 97) (97; 9g? 1 —x* g?, — 93 g® hai 
0 a 


(yaa) (te) 
414 dso “CT ay Cl + 9%) 





lim 
x be, Co bs, n—-> co 10M [q°: =a ay 4 ’ be, Co5 bs, q Pd helo qq; 
x? gt ree 
by Cy bg 


(using (4.2)) 


ice Cheer ba oo] 
“Gio Gy gd+xqd—9 





[- q°: eae ee aL 
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Lastly using (4.4) with g > g? and then a = q° 


=g,b=-4 y, n — oo the 
above expression reduces to the RHS of (1.11). 


5. Two INTERESTING QUADRATIC TRANSFORMATIONS 


In this section we prove the following quadratic transformations 
F a®, —aq, x, y, ac’q'*”|xy, 9-5 9 34 | 
6P5 | _a@, acq|x, acqly, xq ™Ic, acq**™ 


__ [eqlx, eqly, acq, 4cq/XYs Gm 
[cq, acq]x, acq|¥. cq/X¥; Tm 


* wWi, [c; a, x, ys V (cla), 


dcug. 


bd xy 


— J(cla), Vcqla),— ¥ (cq/a) 





Fe AL (oe) 
X,Y. — Vr 2% —239; 22 g?/bx* y* 27] 


2 92 2 2 a2 
[ q’, a. a“ q? a’ gq’ s 
— 20 


So anata lial at eS 


age ag og) area 
irae eee 9° 


iwW,[-— a3 b, gq Va, —9 V4, x, — 








Fede a pe ick 


$ [ x?, y®, 27, alb, aqg/b; 9°; q” 
"5? a, ag, a2q?|b2, x? y? z*J/a" 


_lo* g?, x*, y*, 2%, atgt{bt xt y* 2, af gtfxe ye Flo 
a‘q* a* q* a‘q* a” q° 
x 





x? Dig a2 





2 a’ q* ‘ 


[ : 
ES a® q? a 
ew PT Bee | 
dere a 
y 2 


2 9 





z2 , be ’ 











¢ x? y a z y? z2’ bx? y 252 9 bx? y? Zz > 9°3q 
*5P4 : 2 


Too oT eg ee 
|. xBptzi hax? yas pe ee x 


jae( 5.2) 
ae transformation (5.1) is a g-analogue of the following interesting transforma- 
tion of ‘half-poised’ hypergeometric series [see Whipple?’, p. 70] for definition of ‘half- 
poised’ series) 


F 2a, 1+ a,x, y,—™; 
544 3 
a,lta+c—x, l+a+e—y, lt+atc+m ] . 


(equation continued on p. 783) 
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(+at+e),,(lL+ate—x—y)m 
(lt+a+c—x)m(1 +a +c— y)m 





p, | % (c -- a)/2, (1 + ¢ — a)/2, — m; 
“ts (1+c—a,x+y—-—a—c—m, (2+c+a)/2,(1+¢+a)/2]. 


Proof of (5.1)—Specializing the parameters in the transformation [Sears?4, (8.3)], 
we get 


at — aq; ¢, Pa 3 
ab [ UR a 


aay | = (a ela, agles alelaca, fale: ay 


Now replacing c by cq", multiplying both sides by 


[/a, c, x, y, ac? gi*mixy, q-™; Wn (1 — cg?") q” 

lg, acq, cq/x, cq/y, xyq-™]ac,cq'*™; gq], (1 — c) 
and summing with respect ton fromn = 0 tom, we get (5.1) on interchanging the 
order of summations on the left hand side and summing the inner sW, by [Bailey®; 8.3 


(1)). 


Proof of (6.2)—In the non-terminating version of Saalschiitz’ summation formula 
[Sears?®, (5.1)]; 


laq, aglfg, aglfh, aqlgh; qo $ Jp 270: ded 
[f, 8,h, aglfgh; deo *"* L aq, fehla 


[a? q*Ifeh; dao é Bee aq|fh, aq/fg: pA 
[fgh laq: qlan *® | aq?lfgh, a®q?|fgh 


laq/f, aqlg, aqlh;qloc 
Wee oe ee 


First replacing q by q° and then a, f, g,h by a® gq", x? q*", y® q*", 27 q** respecti- 
vely and multiplying by 


at NU a ical bad Pe po 12 72) 
<1 fa ST eT Oe 


and summing with respect to r from 0 to oo, we get 


[ a? g? a? q? a” dia.. a 
3 . 2»? 2 > 
Ta y? sr q’] = y 2 wir [ - ay b, qv 4, meal’ | V4, x, 
, ? ’ lee) 





PIN 
SAS ae es —~ 45 9s Bye ot 


_ Ie 9g, @ g’]x? y*, a* g? |x? 2°, a* q?[y* 2°, q" leo 


nas Fst <. 2- a" Z x? y* Se q*| 
Lt Ys 2 ql = (equation continued on p. 784) 
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(Ig, a As es, y? 2? sat al 


n=l) 


x sW2 [—a; b, q V/ 4, —q / a, Gy q-*; q; aq>"|b| 


A [a* q*/x? y* 27; Glo 
[x? py? 22/a® q?s q*Joo 


[a gtjx? y®, a q?]x* 2°, a? aly" 23 gn 


[q°, a2 axe y? z2?, a’ q if fo y 2 q*\n 


n=v 


x A —n-1 
Xx aW, [—a, b, qv 4, an qa, = 4 — 


Siey 29st ey, ed ee 
> a ? ? hx? y? z2 


Using the summation 
W,[—a; b; — g Va,9 V4, — 2, 2; 9; a[b2*] 


_ [a® q?, a® g?[b® 27; g*]oo_[alb, 4/2" qloo 
~— [a® q?/b?, a? g?/2z*; q7loo [a, a]b2"; qloo 


(5.4) 


i(5.3) 


to sum both the ,W, in (5.4) we get (5.2). The proof of (5.5) is completed by first re- 
placing a by —a in the transformotion Verma and Jain'® (5.1) and then setting 


x? = aq, »* = aq? and using (5.3) to evaluate the right hand side. 
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The unsteady laminar incompressible two-dimensional and axisymmetric 
stagnation-point flows over a moving wall with a magnetic field have been 
studied when the free stream velocity and the wall velocity vary arbitrarily with 
time. It has been shown that self-similar solution is possible when the free 
stream velocity, the wall velocity and square of the magnetic field vary in- 
versely as a linear function of time. The partial differential equations govern- 
ing the semi-similar case and the ordinary differential equations governing 
the self-similar case have been solved numerically using the finite-difference 
scheme in combination with the quasilinearization technique. Analytical solu- 
tions have also been obtained for certain limiting cases. The skin friction 
and heat transfer are appreciably affected by the free stream velocity distribu- 
tion, magnetic field and wall velocity. However, their effects on the heat tra- 
nssfer is comparatively less compared to the skin friction. 


1, INTRODUCTION 

Flows over moving walls are of interest ina number of technical applications, 
especially in metallurgy and chemical processes industries. Such flows belong toa 
separate class of problems of boundary layer theory which is distinct from those over 
stationary bodies. Sakiadis! was probably the first to study the flow over a moving 
boundary in a fluid at rest. Subsequently, several investigators?~* considered the beha- 
viour of boundary layer on moving surfaces under different situations. All these studies 
pertain to steady flows. The unsteady flow over a moving wall with forced flow has 
not been studied so far. However, the unsteady forced flow over a Stationary wall has 
been studied by Yang’ when the free stream velocity varies inversely as a linear fun- 


ction of time. Also, the unsteady flow over a moving wall in a fluid at rest has been 
studied recently by Surma Devi and Nath”. 
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The aim of the present analysis is to study the unsteady laminar incompressible 
forced flow over a moving boundary with an applied magnetic field when the free stream 
velocity and the wall velocity vary arbitrarily with time. It has also been shown that 
the self-similar solution is possible when the free stream velocity, wall velocity and the 
square of the magnetic field vary inversely as a linear function of time. It may be noted 
that here the wall is not moving as a rigid boundary as considered by Sakiadis', but it 
is stretched. The partial differential equations governing the semi-similar case and the 
ordinary differential equations governing the self-similar case have been solved numeri- 
cally using a finite-difference scheme in combination with the quasilinearization 
technique’'’!*, Also analytical solutions of certain limiting cases have been obtained. 
The results have been compared with those available in the literature. 


2. GOVERNING EQUATIONS 


We consider that a two-dimensional or an axisymmetric body is moving with 
time-dependent velocity uv, in a laminar incompressible fluid with free stream velocity 
ue Which also varies with time (see inset of Fig. 1). The fluid is assumed to be electri- 
cally conducting and a magnetic field B fixed relative to the fluid is applied in the dire- 





Fic. 1. Comparison of skin-friction and heat-transfer results (r% ete, ) for (t*) = 


1+, M=b=)=0, Pr= 0.72 ___ , Present results; 0, Kumari and Nath. 


| 
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ction perpendicular to the body. The magnetic Reynolds number is assumed to be 
small, hence the induced magnetic field will be small compared to the applied magnetic 
field and can be neglected. Since we are interested in the stagnation point region, the 
viscous dissipation and Joule heating terms are neglected as they are small in the neigh- 
bourhood of the stagnation point. The Hall effect is also neglected. The wall and 
free srteam temperatures are taken to be constants. By assuming that Prandtl’s boun- 
dary layers assumptions are valid in the present case, the governing equations can be 
expressed as 


(r/u)x + (r’v)y = 0 ...(la) 
uy +uux + Vuy = (te): + Ue (Ue)x + vUyy + (6B2ue/P) (1 — ufue) ...(1b) 
T: + uT. + vTy = Pr-iv Tyy. oes( 1c} 


The initial and boundary conditions are given by 
u (x, y, 0) = us (x, y), v (x, y, 0) = wi (x, y), T (x, y, 0) = Ti (x, y) 

...(2a) 

(ej O18) Sem tree, 0p; Ot Pe OF TOs ty a 


u(x, co, t) == u, (x,t), T (x, cc, t) = T,,. 


...(2b) 


2.1 Semi-similar Equations 


In order to reduce the number of independent variables from 3 to 2 in eqns. (1a) 
to (Ic), we apply the following transformations | 


1 = (1 + J) (ajv)Py, u = ax @ (t*) f’ (y, t*), t* = at, 
f Gas 


v= — (1 +f)” (av)? 9 (t*) f (0, t*), uy = a, x @ (t*) 

Ue = ax 9 (t*), (T—T ~)|(Tw—Too) = 8 (n, t*), rx, M = Ha?/Re, 

Ha* = coB?L?/u, Re, = aL?/y, b = uy/lue 
...(3b) 


to eqns. (la) to (lc), we find that eqn. (la) is sati 
Fae ee Satisfied. identically and eqns. (1b) to 


PO ef Pee Tp ties eo, (1 —f) — f' 
a d A 


+M(1—f’)] =0. 


Pr* sg’ + ofg' — (1+ jf) ¢,* = 0. 


The boundary conditions are given by 


...(4) 
nent) 


S=0,f'=b,g=1laty=0, 
f' > 1,8 +0as 7 + © } for 1 > 0. sate) 
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The flow is initially assumed to be steady (t* = 0) and then changes to unsteady State 
(** > 0). Therefore, the initial conditions are given by the steady-state equations 
obtained by putting 


= 0,9. =}, I = £2 = 90 = 0 ---(7) 
in eqns. (4) and (5) and the steady-state equations are 

7 Aces mL i ih Dace os 6 hth Ms ied eg aa 2 Mia 28 Be ...(8) 

Pr-} g” + fg’ = 0. .--(9) 


It may be noted that eqns. (4) and (5) contain two independent variables and are 
known as semi-similar equations. 


Here x and y are distances along and perpendicular to the surface, respectively; 
u and v are the components of velocity along x and y directions, respectively: ¢ and t* 
are the dimensional and dimensionless times, respectively; 7 is the temperature: » and 
v are the coefficient of viscosity and kinematic viscosity, respectively; % is the similarity 
variable; f is the dimensionless stream function; f’, g are the dimensionless velocity 
and temperature, respectively; Bis the magnetic field; a is the velocity gradient at 
t* = 0, ris the radius of the axisymmetric body; j = 0 and | for two-dimensional and 
axisymmetric flows, respectively; M, Ha and Rex are the magnetic parameter, Hart- 
mann number and Reynolds number, respectively; a, is the gradient of the wall velocity 
at 1* = 0; bis the ratio of the velocity of the wall and the free stream velocity (b= 0 
according to whether the velocities of the wall and free stream are in the same direc- 
tion or in opposite direction); o, Pr and L are respectively, electrical conductivity, 
Prandtl number and charcteristic length. 9 is an arbitrary function of t* having con- 
tinuous first derivative for 1* > 0. The subscript 7 denotes the initial conditions; the 
subscripts e, w, and co denote conditions at the edge of the boundary layer, on the 
wall and in the free stream, respectively; the subscripts t, 1*, x and y, denote partial 
derivatives with respect to t,?*, x and y, respectively; and prime denotes derivatives 
with respect to 7. 


It may be noted that eqns. (4) and (5) forb = M = Oandj = 0 and 1 reduce 
to eqns. (3a) and (3c) of Kumari and Nath withe = Oand 1 (c = 0 for a two-dimen- 
sional flow and c = | for an axisymmetric flow). Our eqns. (4) and (5) forj= 0 
(two-dimensional flow) are identical to eqns. (3a) and (3c) of Kumari and Nath’® with 
c = 0. However, our eqns. (4) and (5) for j = | (axisymmetric flow) differ from eqns. 
(3a) and (3c) of Kumari and Nath?* with c = 1 by a scaling factor. 


The skin friction and heat transfer coetlicients can be expressed as 
1 
Cy = 2ewilp (u? el = 2 Rede") fs | 
. ’ (10a) 
Nu = x (0Tl@y)wl(T» - To) = — (Rea)? e, | 
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where 


tw = p (Ouldy)y, Rex = ax?/v, (Ue) = ax. ... (10b) 
=0 


Here Cy and Nu are the surface skin friction coefficient and Nusselt number (heat 
transfer coefficients), respectively; t» is the shear stress at the wall; f” and => Seale 


the skin friction and heat transfer parameters at the wall; Rex is the local Reynolds 
number; and P is the density. 


2.2. Self-similar Equations 


The set of eqns. (Ja) to (Ic) is partial differential equations with three indepe- 
ndent variables. It can be shown that if the free stream velocity and the wall velocity 
vary inversely as a linear function of time and directly as a linear function of x (i.e. 
Ue = ax {1 — At*)"?, uy = a, x (1 — At*)~?), and the magnetic field as a square root 
of the linear function of time then eqns. (1a) to (Ic) admit self-similar solutions i. e. 
they are reduced to a set of ordinary differential equations. We apply the following 
transformations 


n= (1 + f)¥* (aly)? (1 — At*)-1y, 1* = at, At* <1, 


. 
u = ax (1 — At*) f(y), v = — (1 +f)? (1 — At*)-12 £ (x), 
(T—Teo )] (Tw Teo) =8 (1), B = By (1 — At), M = Ha’jRex, | 
Ha’? = 6 B* L*/p, ue = ax (1 — At*), uy = a, x(1 — At*)-*, 7 
seal b1) 


to eqns. (la) to (Ic) and we find that eqn. (1a) is satisfied identically and eqns. (1b) to 
(Ic) reduce to 


Po tT +E PP =f) A ne 2) 4 


atlas 
Pr- g" + fe’ — (1+ j)" An g'/2 = 0. ...(13) 

The boundary conditions are 
J = 0, f" = b,.g =. lat) =.0: f' — 1 mip = Dos mieon: ... (14) 


Here A is the parameter characterizing the unsteadiness in the flow field and Bo is the 
value of the magnetic field B at 1* = 0.A >< 0 according as the flow is accelerating 
or decelerating. Also the magnetic field B is assumed to vary as the square root ofa 
linear function of time as given in (11) in order to obtain self-similar solution. In actual 
practice, it may not be possible to create and maintain such a magnetic field. Inspite 
of this weakness, the results may be used to gain some insight into the characteristics 
of flow based on more realistic distribution of the magnetic field. 
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It may be noted that the governing self-similar equations (12) and (13) with 
boundary conditions (14) reduce to those of Yang® for M = b = j = 0. The self-simi- 
lar solution implies that the solution at one value of time ¢ is similar to the solution at 
any other value of time t. The advantage of the similarity solution is that the partial 
differential equations reduce to ordinary differential which is a great mathematical 
simplification. However, there are certain limitations to such solutions. The partial 
differential equations do not impart their parabolic nature to the ordinary differential 
equations on whose solution it is not possible to impose an arbitrary condition at an 
initial time f = f%), because the solutions at all values of time ¢ become equivalent. 
Therefore, the self-similar solution can be considered as asymptotic and will be correct 
in some limit ¢ —> ¢,. 


The skin-friction and heat-transfer coefficients are given by 


Ch 2 teh (Pus 2 Cl hy)? (Rex)=*/* f%, Rex = ue x/v 


) 

. 
6 (15) 
Nu =XTy/(Ty = To) = (1 + Pie (Rex)'/? Lg : j 


3. SOLUTION OF GOVERNING EQUATIONS 


3.1. Asymptotic Solution 


In this section, we consider the asymptotic behaviour of the governing equations 
(12) and (13) (i. e. the behaviour of the equations when becomes large). This will 
enable us to find the range of values of A for which similarity solution is valid. For large 
7 following the analysis of Watson and Wang", we set 


fi) =a14+f (0), 8 (n) = 81). ...(16a) 
From boundary conditions (14), it is evident that 
eee Upie Wes, re 0 as yo ...(16b) 


where f, and g, are small. Now linearizing equations (12) and (13) using relations 
given in eqn. (16a) and integrating the resulting equation corresponding to eqn. (12) 
once and using the appropriate boundary conditions, we get 


fe tanfi —[(l + t@+A+M) + alfi = 0 _..(17a) 
Pr-'g" + ang, -Oa=1—27°(1+/)1A. ...(17b) 


The solution of eqn. (17b) satisfying the relevant boundary condition given in (16b) 
can be written in the form 


g=8=-—A { exp (—Pra n°/2) dy .. (18) 
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where A is a constant. We apply the following transformation to equation (17a) 

f, = exp (—« 4°/4) H. (19) 
Consequently, equation (17a) can be reduded to 

H" — [3/2 + (1 + jf) (2 + A/4 + M) + @ 77/4] H = 0 ... (20) 


where H 0 as % — co. Equation (20) is Weber’s type of equation whose solution 
for large 7 can be written in terms of parabolic cylinder functions as'* 

H = A, exp (—z? 4?/4) (an)” Py (n) + B, exp (a? 97/4) (an)-""? Pe (ay) 

pate Va 

where 

Py (q) =U — 22 2 (m1) (an)? + O (2n)-4 -, ...], 

Py (q) = (b+ 277 (2 + 1) (an)? + 0 (on) -* +," --], Riley 
n= —2-—-(1+/)1(2+A/44+ M). 


Since H tends to zero as ) — oe, the divergent part of the solution of Hi. e. exp (a22/ 
4) will be omitted. Hence from equations (19) aud (21) we find that 


Si = A, exp[—a (% + 1) 42/4] (a 4)" Pi (y). --.(23) 


It is clear from eqns. (18) and (23) that both g or g, and f, decay to zero exponentially 
ifa > Oi.e.A <2(1 +4 /). This fixes the upper limit of A. The lower limit of J is 


given by that value of A (A < 0) for which the skin friction parameter f* vanishes. 


3.2. Analytical Solution 


It may be remarked that it is not possible to obtain closed form solutions of 
eqns. (12) and (13) under conditions (14). However if b = 1, closed form solutions of 
eqns. (12) and (13) satisfying conditions (14) can be obtained and they are expressed as 


f=y 

g=1—2 (e/a) Pf exp(—a,72) dy ...(24b) 
0 ; 

a; = (Prl2) [1 — 2-1 (14 fy al. ...(24¢) 


Since we are interested in the closed form solution of eqn. (12) in the neighbourhood 
of b = 1, we perturb f as 


f= 7+ f(y) + O(8),¢=1—b --(25) 
Linearizing eqn. (12) with the help of (25), we get 


fr tanfy-—AU+tj)72+A+M) ff =0. ae 
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The appropriate boundary conditions are 

f(0) = 0, ff O=—-1,f6, (0) =0. mary) 
We apply the following transformation 

fy (n) = exp (—27°/4) F (a) ...(28) 
to eqn. (26) which then reduces to 

F" —[(a)2) ++ )2 (2 +A+ M) + oF V/A] F = 0. ...(29) 
The relevant boundary conditions are 


F(0) = —1, F (ee) = 90. ...(30) 


It may be noted that eqn. (29) is Weber’s type of equation and its solution under con- 
dition (30) can be expressed as 

















F = — exp (—a°y?/4) Fi ( “4 7 “ay ) 
+ (Belz) on 1Fy ( =, ss sie )h BN 
From egns. (28) and (31), we get 
if) see ESD (ee 8 ct 1) 4°/4) LFi(— ‘a : - eis ) 
+ (BlAs) % 9 Pils — le ) 32) 


where 











Oe | ee ok Oe pg ag ae We 
Fy (ao ‘a y=[rt 3 #) 


an (1 — a) (a? n?)* AS Ke | 


7 
| 
| 

'F | 
- | 
a? n* 9 | : 

x sn eae tT 
( Z 
| 
| 
| 
| 
J 


a(33a) 
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a=—(a2+))/2—-(1+ s)'(24+A+4+M),a=[l - 27 
(Lap yy a), | 
A, = T(1/2)T (m5 ), B, = 2-1/2 T(—1]2)/ . 
| 
I'(—a/2). J 
...(33b) 
The shear stress at the wall is given by 
#0) = 2 oT @ + 3)+3(1+/*2 +4+ M)} (34) 
AO" “FThrea@rl+i0+/7°@ APM 74 


3.3. Numerical Solution 


The partial differential equations (4) and (5) under boundary conditions (6) and 
initial conditons (8) and (9) and the ordinary differential equations (12) and (13) under 
boundary conditions (14) have been solved numerically using an implicit finite-difference 
scheme in combination with the quasilinearization technique. Since the detailed descri- 
ption of the method is given elsewere'!”!”, it is not presented here. The effects of step 
sizes Ay and At* and the edge of the boundary layer 7, on the solution have been 
studied and optimum values of Ay, At* and n,, have been obtained. Consequently, 
we have taken Ay = 0.05 and Ar* = 0.1 for computation. Also we have taken the 
values of the edge of the boundary layer (1,.) between 4 and 8 depending on the 
values of the parameters. The results presented here are independent of step sizes and 
co at least up to 4th decimal place. For computation, the free stream velocity dis- 
tributions have been taken to be of the form 9 (t*) = 1 -+ « 1*® and e(t)= (l+e, 
cos »* ¢*)/ (1 + <,), where « aed €, are constants and «* is the frequency parameter. 
A typical case takes 15.2 seconds CPU time on DEC-1090 computer. For the self- 
similar case where 9 (t*) = (1 — At*)1a typical case takes 1.7 seconds CPU time. 


4. RESULTS AND Discussion 


Computations have been carried out for various values of the parameters M, b, / 
and A. However, the results are presented only for some representative values of these 
parameters. Figs. 1 and 2 present the comparison with the results of the previous in- 
vestigators. The results corresponding to the accelerating free stream velocity (p (t*) 
= 1 +e€t**, « > 0) are presented in Figs. 3-6. The results corresponding to the flu- 
ctuating free stream velocity (» (t*) = [1 + €, cos w* t*}/(1 + «)) are given in Fig. 7. 
The results for the self-similar case (9 (¢*) = (1 — At*)-1) are shown in Figs. 8-1}, 


In order to assess the accuracy of our method, we have compared our skin-fri- 


ction and heat-transfer results (x; ee ) for both accelerating flow (9 (t*) =1+1*) 


and fluctuating flow (9(1*) =1+ €, Sin’ (w* 1*) for M = b = j = Owith the corres- 
ponding reults of Kumari and Nath’ and found them in excellent agreement. However, 
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Fic. 2. Comparison of skin-friction and heat-transter results (5; > &y ) foro (t*) 
= (1— ar*)} (self-similar case), M=b=j= 0, Pr= 0.7,___, » Present 
results; 0, Yang. 
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Fig, 5. 
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Fic. 7. Skin-friction and heat-transfer parameter (sf; ,— we ) for @ (t*) = [l + €; cos 


(w* £*)/ +e), €1 = 0,1, b = 0.5, M=2, o* = 5.6, Pr = 0.73. —_. f.,3 «+, — Be 


for the sake of brevity, the comparison is given only for 9 (t*) = 1 + ¢* in Fig. 1. We 


have also compared our skin-friction and heat transfer results ( i hogs Boal ) for the 
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Fic. 8. Skin-friction and heat-transfer parameter (7 ,— g., ) for @ (t*) = (1 — at*) 1, b— 0.5 


‘ 


” 
Se iiek, ane Bee 


Wo 


j=1, Pr= 0.73. 





M=2(Eq. 34) 
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Fic. 10. Velocity and temperature profiles (f’, g) for 9 (t*) = (1 —ar*)71, M = 2,4 = —0.5, 
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Fic. 11. Velocity and temperature profiles (f’, g) for 9 (t#) = (1 —ar*)7}, A = — 05, fj = 1, 


b = 0.5, Pr = 0.73. aia 


self-similar flow for M= b = j = 0 with those of Yang® and they were also found to 
be in excellent agreement. The comparison is shown in Fig. 2. 


The effect of the magnetic parameter M and time :* on the skin friction and heat- 


transfer parameters (y; eaay i ) is shown in Figs. 3-4. For a given time ¢*, the skin- 


friction and heat-transfer parameter tie eit © ) increase as M increases. Howevers, 
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the effect of M is more pronounced on the skin friction (4: ) than on the heat trans- 
fer ( — g' ) because the magnetic term explicitly occurs only in the momentum equ- 
w 


ation. Similarly, for a given M, both fia BNO g', increase with time ¢*, but the 
effect is more pronounced for t* > 1. If the free stream velocity distribution is taken 
to be decelerating with time (p (**) = 1 — «t*,¢€ > 0, then f* and — g’, decrease 


: * 
as t* increases. However, for the sake of brevity, the results for 9 (t*) = 1 — « f*?, 
« > 0 are not presented here. 


The effect of wall velocity b on the skin friction and heat transfer (f; ee ) 
is presented in Fig. 5. The skin friction is found to decrease as b increases, but the heat 
transfer increases. This is true for all values of M and ¢*. This is due to the fact that 
as b > 1 (up — ue), the fluid tends to be inviscid. This causes considerable reduction 
in the skin friction as b > 1. On the other hand, the difference between the wall tem- 


perature and free stream temperature (7\, > To.) increases which results in increase in 
heat transfer. 


The effect of the magnetic parameter M and time t* on the velocity and tempa- 
rature protiles (f,’g) is shown in Fig. 6. The velocity and temparature profiles (/’, g) 
become more steep as M or t* increases, because of the reduction in the momentum 
and thermal boundary layer thicknesses. Also for a given M or t*, the thermal boun- 
dary layer thickness, is more than the momentum boundary layer thickness. 


The skin-friction and heat-transfer parameters (F; oo Se ) for the oscillatory 
free stream velocity given by 9 (t*)=(1 + €, cos (w* t*)/(1+€,) are given in Fig. 7. It is 


observed that the skin friction( igs ) responds more to the fluctuations of the free stream 


as compared to the heat transfer | — g’ ), because the skin friction parameter is dire- 
p - p 


ctly proportional to the velocity gradient which is influenced more by the free stream 
velocity as compared to the temperature gradient. 


As mentioned earlier, the results for the self-similar flow have been presented in 
Figs. 8-11, The effects of the magnetic parameter M and the unsteady parameter A on 


the skin friction and heat transfer parameter (y: Bios 4 ) are shown in Fig. 8. The 


skin friction parameter bi ) increases as the magnetic parameter M or un- 


Steady parameter A increases. However the heat transfer parameter ( — 2 


si ) incre- 
ases as M increases, but it decreases as A increases. The reason for sucha behaviour 


is that both momentum and thermal boundary layer thicknesses decrease as M incresses, 
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but as $: increases momentum boundary Jayer thickness decreases and thermal boundary 
layer thickness increases. 


The effect of the velocity of the moving wall 5 on the skin friction and heat trans- 
fer parameters |/,’ , — g\, ) is shown in Fig. 9. It also contains the skin frction 


results obtained analytically for b = 1 (see eqn. (34)). The analytical result is found 
to be in good agreement with the numerical result. The effect of bis found to be more 
pronounced on the skin friction parameter as compared to the heat-transfer parameter, 


( = 2. ) It is observed that /;* decreases rapidly as b approaches | and f; = 0 
for b = 1. This is due to the fact that for b = 1, the flow becomes potential and 
hence the skin friction parameter /,* vanishes. 


The effects of the wall velocity b and the magnetic parameter M on the velocity 
and temperature profiless (f’, — g) are given in Figs. 10 and 1], respectively. Fora 
given M, the velocity profile f’ becomes more steep as b decreases, but the temperature 
profile g becomes less steep. Similarly, for a given b, the velocity and temperature 
profiles (f’, g) become more steep as the magnetic parameter M increases. The reason 
for such a behaviour has been explained earlier. 


5. CONCLUSIONS 


The skin triction and heat transfer results are found to be significantly affected 
by the free stream velocity, magnetic field and the wall velocity. However, their effects 
on the heat transfer is comparatively less as compared to that on the skin friction. 
The self-similar solution exists when the free stream velocity, wall velocity and the 
square of the magnetic field vary inversely as a linear function of time. The skin fri- 
ction and heat transfer increase as the magnetic parameter increases. However, the 
skin friction decreases as the wall velocity increases, but the heat transfer increases. 
The skin friction and heat transfer for the axisymmetric flow are found to be less than 
those of the two-dimensional flow. 
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The flow of a fluid of variable viscosity in an inclined channel bounded by 
two permeable layers is considered. The flow between the permeable layers 
is governed by Navier-Stokes equations. The flow inthe porous medium is 


governed by Darcy law. The velocity field and the temperature distribution 
are obtained and the results are discussed. 


1. NOMENCLATURE 
(u, v, w) velocity of the fluid 


density of the fluid, density at T= 7, 


== presstire 


temperature 

ambient temperature 

permeability of the porous medium 
Grashof number 

acceleration due to gravity 


distance between porous beds 


= Darcy velocity 


average Darcy velocity in the upper bed 
average Darcy velocity in the lower bed 


angle of the inclination of the channel to the horizontal 


= dimensionless parameter 


— dimensionless parameter 
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m = coefficient of viscosity 
v = coefficient of kinematic viscosity 
6B = volumetric expansion coefficient 


T — he temperature of the upper bed 
AT 
Ty + > = temperature of the lower bed. 


2. INTRODUCTION 


Convective flow problems involving porous media have important applications 
in various disciplines like petroleum engineering, geophysics, agricultural engineering 
and soon. The study of blood flow in pulmonary alvelor sheet where the fluid is 
between two permeable layers is of considerable importance in biomechanics. 


Flow in a porous medium is assumed to be governed by either Darcy law or a 
non-Darcy law. Beavers and Joseph? postulated a slip boundary condition at the 
nominal surface of the porous bed. Further they discussed the Poiseuille flow over a 
permeable bed and verified BJ condition experimentally. Rudraiah* made extensive 
studies on problems of flows through/past porous media. Rudraiah and Wilfred! 
investigated the natural convection in an inclined channel bounded by porous media. 
Channabasappa and Ranganna® examined the flow of a fluid of variable viscosity over 
a permeable bed. 


In this paper, an exact solution for the flow ofa fluid of variable viscosity 
between two inclined porous beds is obtained. The flow is governed by Navier-Stokes 
equations in the free flow region and is assumed to be described by Darcy Jaw in the 
lower and upper porous beds. The temperature distribution, the velocity distribution, 
the mass flow rate and its fractional increase are obtained and discussed. 


3. MATHEMATICAL FORMULATION 


Consider the flow of stratified fluid of variable viscosity between two inclined 
porous beds. The flow is possible because of the imbalance between pressure and 
buoyancy forces when the Grashof number is not equal to zero, Batchelor'. The channel 
is inclinedat an angle ¢ with the horizontal. The lower and upper permeable beds are 
kept at 7, + 4 AT and T, — 4 AT temperatures respectively. The flow is in x-direction 
and z-direction is taken perpendicular to the beds. Cartesian coordinate system is used. 


The following assumptions are made to derive the basic equations of motion : 
(1) The flow is steady and Grashof number is small. 


(2) The velocity component u in x-direction is a function of z and ¢ only, 
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(3) The dissipation function © is neglected, the heat transfer takes place by 
conduction only and therefore the temperature is linear in z. 


(4) The pressure is a function of x and z only. p = p(x, z), — =e A, a 
constant. 
(5) The viscosity coefficient and density decay exponentially with z. 
i.e., 
= Po e-B:, p — Py eB. 
The basic equations for the flow under consideration are 
P = Po[(l — B (T — 7))] BAG) 
d*u du l : 8 
gt! Om eds. bist : = Ke 
da Wega dhe (A + Pg sin ¢) e (3.2) 
cP + Pg cos ¢ = 0 id) 
ot at ...(3.4) 
oes sora). des) 
The Darcy velocity is given by 
Q = Qe ...(3.6) 
where 
aeee (A + pg sin ¢) 
Ua ro 
The boundary conditions are 
e = = hf2 3.7) 
rade te aad — tz =hf2 ad | 
oe Vk (ug; — Q;) atz / 
ae ae = — hj2 (a8) 
“— = —> (up. — Q2) atz = — Aj2 
ee Sack ee 2 
u = Ug, at z = Al2 o0( 3.9) 
u = Up, at z = — hf2 ret oulee 
T=T, — AT atz=Al2 CASLED 
T=T) + 3 AT atz = — Af2 seul ckey 
p=Oatx=0,z=0. sata. Las 
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4. NON-DIMENSIONALIZATION OF THE FLOW QUANTITIES 


The following non-dimensional parameters are introduced to make the govern- 


ing equations and boundary conditions dimensionless. 


where 


where 


> 
h’ 


pe ele 


fy 7 
= 7* — (PE Pe * _ 0 
S v/h? i Ale T, 


* _ = Some 
»x AT 


= Q Q, 


oo Pt we CEL. 8 ee 8 OS eee 
pe = of? 4et ok? waa ih Oe eae 


, Oz M 
Q: aos vih? A* = Aig Po, M* = ... (4.1) 


Ho 





In view of (4.1), eqns. (3.1) - (3.13), after neglecting asterisks, become 


P = Po[! — B (T — T)) AT] ...(4.2) 
du du dp : : 
PA aes Bie Pale 2 n( 32 + sin ¢ Jer + Gr (T — T,) e% sing = 0 

.-- (4.3) 
op Gr 
ae + E aa! (T — Ty) | 00s d=0 (4.4) 

hs 
1 = = Gr = 768 AT 
ou 
ete .-.(4.5) 
d-T 0 
a : (4.6) 
yz 

Q =~ < (-p +2 Grsin$) (4.7) 
P = —7 (A + sin 9). 
du 
dz eye ahd (UB, we Q;) atz = 4 .-- (4.8) 
du 
az %o (as — OQ.) atz = — 4 ...(4.9) 
u = up, atz = 3 ...(4.10) 
pi bask ae (4.11) 


ne ee : 
o Chee (4.12) 
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T=T+t4atz=—} ... (4.13) 


Dp = 0) at x= 0, z= O. ...(4.14) 


5. SOLUTION OF PROBLEM 
The temperature distribution is obtained as given below on solving (4.6) and 
using the boundary conditions (4.12) and (4.13). 
Er — To = —Z. AT a) i) 
On solving (4.3), subject to the boundary conditions (4.8)-(4.11), the velocity field is 
obtained as 


yz i 2 


v 2 


<|N 


) met) 
The constants A, 8 etc. are given by 

a, A+ a, B= 4s; 

b, A + b, B ss bs 

a, = — ao 


as = — (ac + y) ev? 


P eY/? Gr sin d 1 1 
woes [- Fens meint (2 3)-0)] 


¥ 


: P P 4 sing _ Orsne) 
aa ey/? | - > —— Y 8 y? 


b, =—— Zo 


bz = (ac — y) ev? 





Pan. ert Grsin¢ ( © vals : | 
bs = — a0 [5 or? + y 8 ee Q: 
P P Grsingd Grsing 
+ e-Y!? ae + + 8 reir 7? 
__ az by — a2 bs 
Oo hence a3 D, 
Bn Obs — as by 





a, by — a,b ~ 
The slip velocities at the upper and lower beds are given by 


eY!? Gr sind (; l ) 


P pg se eh ova) 
tip, = A + Bev? — 2y CF he Y 8 2y 
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iy. 


, Pi ee e-Y¥ Grsin d [( 1 1 
ip, = A + Ber? + pi CO a ee (z ap a, } ...(5.4) 


The pressure distribution is given by 





2 
P=- [2 + : =a cos ¢ — Ax. Bee ee) 
2% 
The average Darcy velocities in the upper and lower beds are given as 
y/? 
a= -— =e (— P+ 4Grsin d) ASS) 
-yr 
Q, = — “> (- P—4Grsin 4). ul Sed) 


6. DISCUSSIONS 


1. Mass flow rate—The dimensionless mass flowrate per unit width of the 
channel bounded by two inclined permeable beds is given by 
1/2 
M=  [ €¥ udz 
1j2 
Gr sin ¢ 
24y ° 





~ A sinh $+ B+ (6.1) 


Letting ¢ + oo in (6.1), we obtain the mass flow rate per unit width of the channel 
bounded by rigid walls. It is given by 


M, = “A sinh ...(6.2) 


to]-< 
=- 
& 
ae 
| 
| 
| 





Fic. 1. Physical Model, 
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where 
iB gl 
os |-+ ene 2 sinh 4 
Be eeothie ‘ nd cee sin af) - Gr ain sin ¢ 
fe BES . 


2. Fractional increase—The fractional increase in mass flow rate through the 
inclined porous channel over the inclined flow with rigid walls is 


M — M, 
M, 


F= 


on 48 sinh 4 y (A — A,) + 24y (B — B,) 
48A, sinh 4y + 24B,y + Grsin¢g © 





...(6.3) 
3. The velocity distribution (5.2) and fractional increase (6. 3) are numeri- 


cally computed for different values of P and ¢ with Gr sin ® = 25, « =0.1 
and y = 1. They are shown in Fig. 2 and 3. The velocity profiles are in the 


0-50 
0:40 


0.30 


Gr Sing = 25,4=0-1,7=1 


-030 — o =100 
eo oh os, 200 





0 


A nage 


-0-5 -0-4 -0.3 -0.2 -0.1 


Fic. 2. Velocity profiles. 
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Fic. 3. Fractional increase in mass flow rate. 


. 


shape of S and resemle the velocity profiles of Rudraiah and Wilfred’ for a fixed y. 
For fixed o, the velocity increases with the increase in P. For fixed P, the velocity 
increases in the bottom regions of the channel, with the increase in o whereas the 
velocity decreases in the top regions of the channel with the increase ino. The back 
flow is found in the upper half of the channel. It is due to the adverse pressure gradient 
P surpassing the action of the viscous forces in the region. In Fig. 3 fractional increase 
F is plotted against the permeability parameter o for various values of P. For fixed 
P, F decreases with the increases in o. The fractional increase raises with the 
increase in P. As P increases, the gap between these F curves narrows down. 
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05; 
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Fic. 4. Temperature Distribution. 


The temperature is numerically evaluated for various values of J, and is shown 


in Fig. 4. The conclusions are given below. 


A & WN = 


Fixed Varying Behaviour of the Effect on the 
parameter parameter variable temperature 
Te Z increases decreases 
Zz ia increases increases 


We note that the temperature is independent of the permeability k. 
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TRANSIENT FREE CONVECTION FLOW AROUND TWO-DIMENSIONAL 
OR AXISYMMETRIC BODIES 
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Department of Mathematics, College of Engineering, Anna University, Madras 600025 


(Received 24 December 1986; after revision 14 March 1988) 


An analysis of unsteady free convection flow around two-dimensional or axi- 
symmetric bodies heated impulsively is considered by taking the surface 
temperature as an exponential function of time. The method of matched 
asymptotic expansions is used to solve the Navier-Stokes equations including 
the buoyancy forces. This theory is applied for free convection flow past a 
horizontal circular cylinder anda sphere to bring out the importance of 
displacement and curvature effects on heat transfer and skin friction. 


1. INTRODUCTION 


When the free convection flow starts from rest, the unsteady terms in the 
momentum and energy equations are more significant than the inertia terms fora 
small time fo 

Uz to 


L =e<] = (1) 


where Z is the characteristic length, U. is the characteristic velocity of the body. As 
¢ + 0, Gr + co the free convection around a vertical flat plate is governed by the 
unsteady one dimensional flow equations. This has been considered for a step input 
in the surface temperature by Mohanty!, Menond and Yang*, Goldstein and Briggs®. 
Elliot? analysed the problem of unsteady free convection over two-dimensional or axi- 
symmetric bodies for step input in the surface temperature. They'~* ignored the 
curvature and displacement effects. Gupta and Pop® considered the problem of Elliot 
and included the curvature effects. The effects of both curvature and displacement 
have been included in the analysis of Arunachalam and Rajappa‘, in which the surface 
temperature is a power function of time. 


The aim of the present paper is to study the unsteady free convection flow past a 
two-dimensional or axisymmetric body heated impulsively and placed in an ambient 
fluid of temperature T,,. The input in the surface temperature is taken as an e€xpo- 
nential function of time which represents the phenomenon of the sudden heating of 
the body. The application of the present theory for an unsteady free convection flow 
past a horizontal circular cylinder and a sphere is carried out to bring out the impor- 
tance of curvature and displacement effects on heat transfer and skin friction. 
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2. STATEMENT OF THE PROBLEM 


Consider an incompressible, transient, nondissipative constant property laminar 
boundary layer flow induced by the buoyancy force P g 8 (T — Too) over a hot two- 
dimensional or axisymmetric body whose temperature on the surface is 


Ty (t) = Too + At eft) ...(2) 


where To is the undisturbed temperature of the ambient fluid which is at rest at 
infinity. The radius of curvature at the leading edge of the body is taken as charac- 
teristic length ZL, AT reference temperature and ft, the investigation time of flow. We 
have the buoyancy induced velocity U. given by 


U. = (gBA TL)". 
In terms of these quantities 


e Cel, at, Sen4 = n.. 
Giit= —, a Fe as ~ ande =o Fy VGr W413) 





where ¥ is is the kinematic viscosity of the fluid, « the thermal diffusion coefficient. 
Gr, Fy and o are the Grashof, Fourier and Prandtl numbers respectively. Gr plays an 
important role in free convection and F, in unsteady flows. 


In the case of unsteady viscous flows the parameter / vto/L plays an important 
role. We take 


o/ vto|L = eV 7 ...(4) 
where y is a constant. When time fy is small V vt,/L is small and € is small. y denotes 
the ratio of JvtolL to ¢ Fy VGr which is considered to be a constant of O (1). 


Using curvilinear coordinate system shown in Fig. | the governing equations 
for unsteady free convection over 4 curved surface stated in nondimensional coordi- 


nates are 


3 ie 
8 hy hg w) + gy (tts) = 0 (5) 


Ox 


vy Ou kuv bi oP. 
ou (5 Quy ) Fix 


ou Pciacualolt teh 
Ot h, ox hy cy hy hy 
fc in ps aa ely /* a 16) 
== AH sin 0 h, hs ay M's 3) 


1 dp 
ov u ov eS 
at +«(j. ryan h, @y hy hy h, @y 


ett th 7G) 
= — AHcosé + 5h, Ox (h. Ss) 
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Fic. 1. Coordinate system. 





oH POH 1 ee Vs veg ta Eo) (ih =) | 
at 4h os + eon) = oe lee oe + ay (ils ay 


=a) 
where 
h, = 1 + ky, hy = 1,hy = (r + y sin @) (9) 
Ou ku 1 dv 

eM Paka bsg lye oath Rall ait 
Ss (# as h, hy =~) C8) 
dice ie See ej pine oe Poo iH ee (11) 

E «7! p U® 


K is the curvature at any point. k and @ are functions of x only. (3 is the vorticity 
component. The buoyancy force is of the Same order as the unst 
momentum equations. This implies that A is aconstant of O(¢). This constant A 
has been taken as O(1) in the atticle of Arunachalam and Rajappa®’. In the present 
problem the Navier-Stokes equations including the energy equation are solved using 


the fact that 4 is of O(c). The index j = 0 gives the two-dimensional flow andj = 1 
axisymmetric flow. 


eady terms in the 


Introducing the Stokes Stream function t, such that 


1 dab 1 ow 
hah, Oy?" ~~ Fog oe Hy 


u= 


TRANSIENT FREE CONVECTION FLOW 815 


the equation of continuity will automatically be satisfied. The boundary conditions 
to be satisfied are 


tS&0:u=0 =»), H = 0Oforall y 
t> 0: ue O=—v, H =e aty = 0 ¥{13) 


u—>0,H >0as y> oc, 


Since the problem is a singular perturbation one where the small parameter « is multi- 
plying the highest derivative. Qne has to use the method of matched asymptotic 


expansions as given by Vandyke’, to solve the problem. For the outer flow field we 
assume that 


Yes te ots ...(14) 


and similar expansions in capital letters foru,v, H and p. A regular perturbation of 
equations (5) to (8) due to equations (14) shows that the outer flow field is always 
inviscid and irrotationl. Therefore from equations (10) and(12) we infer that 
Y,, ¥. ... are solutions Of 


6 h, oy (2 7) = (15 
ay (ir a oes h, hs 6x =a 0 ss 


For inner flow field we introduce an innner variable z as 








z = yle ...(16) 
and expand the inner flow quantities as | 

pei + ete t+ PH att... = H+ «H+ ...» 

veer, t+ery,t+.,¥=e+ebt+.., eaiges: 


Comparing the like powers of «, we get from equations (5) to (8) the boundary layer 
equations to different orders : 


First order equations are 





é .. (18 
‘ Potion (Uals)ir ae 
eu Op, _ uy (19) 
- “a i. B28 
ees hag ...(20) 
Zz 
0H, vy 2 A, ectas) 
oo oe 
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Second order eqations are 











9 4) : : : 
re (r’u, + jz uy, sin 8) + a Ct kr? v,z + jzv, sin @) = 0 -.(22) 
Ou» Cu, ‘Ou, OP» e Op, _ H si 
ar Mg a gt en ee 
, | Sus ha oun 23 

aba E + (k+ 4sin 0) = ...(23) 
i 24 
iia 0 .-.(24) 
0H, oH, 0H,» [&H, van OH, 
OL + uy Ox” + Vy Oz ed ag oz? + k + a Sin @ | az . leo 


Third order equations are 


0 ; . OM . : ¥ ; 
sy (rug + jz us sin 0) + 5, (r’¥s + jky,z* sin @ + rézkv, + jzv. sin 6)=0 














lee! 
tes + u, a + Us, = — kzu a + vy ous + v, a + ku, v, 
+ as — ke 3Pe Hsin d+ y[ oo ar («+ ZL sin 0) 5M 
_ (x + Z sin’@ ) z pa +k d sin @ u, — re | ee) 
Frm ku + BP — Ht, con 0 — y att LS a ...(28) 
Re i at + Uy a keu, +- Vy = +,“ 
= a | + (« + L sing) Se (< sint 9 + 4 ) 


The equations have to be solved subject to the boundary conditions in equation (13) 


and matching conditions which come from the outer flow solution. 


. 3. SOLUTION OF THE PROBLEM 
First Approximation 


As the ambient fluid is at rest and temperature does not vary across the boundary 
layer at a large distance from the surface of the body, the first order outer flow quanti- 


ties are 
Pp = 0, A, = 0, ¥, = 0. 


...(30) 
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As a consequence of equation (20) noting that p) = pi (x, z) and pressure does not 
vary across the boundary layer, we have 


Ps = (5 ie = 0. harp 

On introducing a similarity variable “ as 
o \l/2 

ye Z (=) ..(32) 
and seeking solutions H, and u, in the form 

H, (x, 0, t) = ef Q: (a) ...(33) 

u, (x, 1, t) = ef fi (a). ...(34) 
Equations (21) and (19) reduces to the form 

oO; —0:=—0 ...(35) 

of —fi=9 ...(36) 


where primes denote differentiation with respect to %. The boundary and matching 
conditions are 


Q; (0) = 1, Q, (ee) = 9 isis 

f, 0) = 0 =f (©): ...(38) 
The solution of (35) subject to (37) is 

Qi (n) =e”. ...(39) 
The solution of (36) subject to (38) is 

f, (a) = 9. ...(40) 
On introducing the stream function 

), asu = ot ym eit eet cae 
We have 

14 (x, 7 t) = 9 and wAG% int) = 0. ...(41) 
The second order outer flow quantities are 

p,= 0,7: = 0, /, = 0. ...(42) 
Second order inner flow gives 

1 (2) mT ..(43) 

Ox Ox /y—0 
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Equation (25) after simplification becomes 


+ o2 1/2 ; , 
ci ariel thE 5 (=) («+ sin a) e' O' (1). 
Seeking a solution for H, in the form 
y \LIs j 

Ha (x, 2,0) = (*) (+ Lsin 0) & a. (n). 
Equation (44) becomes 

0; — 2, = — Q; 

Q, (0) = 0 = Q, (09). 
The solution of (45) subject to (46) is 


Q2.(n) = — ; ens 


Equation (23) after simplification takes the form 


Quy Ou, : 
de  % 322 = ef sine Q,. 


Seeking a solution for uv, in the form 
Us (X, 1, t) = e' sin 6 f (n) 

equation (48) becomes 
of"—f=-9 
f (0) = 0 = f (ce). 

The solution of (49) subject to (50) is 


f(y) = 5 eos fore = 1 


l 
fe fe Tin — e), foros 4 1,» = alc. 


From eqn. (22), introducing the stream function Uy as 


ou, 

ig ap hs S 
02 2 Ox 
we have 


2 


oe es ] vy \ ie é 
Vs (x, 9,1) = — (2) et 5 (r’ sin 8) ¢ (x) 


(44) 


(45) 


...(46) 


..(47) 


..(48) 


.. (49) 
...(50) 


eH &) 


asc (Sey 


TRANSIENT FREE CONVECTION FLOW 819 


be (x, 1, t) = ( : i er’ sin 6 ¢ (y) +: (00) 
where 
b() = f f(x) av 
= $[{l — e" — ne-"], foros = 1 ...(54) 


l 
— (ee Ty ee aoe 1], fors # lis = ylva. 





Third order outer flow 


Since v, does not vanish as 7 > o°9, the second order inner solution induces a 
correction in the outer inviscid solution specified by the stream function vs (x, y, £). 
Since ¥, (x, y, t) is zero, a matching of ¥ as y > 0 with e? J, to the second order of 
€ as n > ©9, gives 


Y, (x, 0, t) = ef r! ( . v4 sin @ ¢ (co) ...(55) 


where 


] E 

i a ee tatao 

# (89) = Jo. (56) 
This signifies an induced outer flow by the boundary layer, ‘’s satisfies eqns. (15) and 
(55), and vanishes as y > cc. Hence solving for Y;, and using eqn. (12), we can get 


U; (x, y, t) so that 
Us; (x, 0,1) = & D(x) AGHA, 


where D (x) is a function of x. Matching the inner and outer expressions for the 
x-component of velocity and pressure gradient to O (e”), we get as 4 > 0, 


uy = ef D(x) (58) 
Pee 2 et D(x). 59) 
Ox 


Third order inner flow 


Rewriting eqn. (27) in the form 


2 : D 
dus y Hs ars, [RQ +2 tof) + AsinoOtef) +5 
et 0z* ie 


where 


Si() = ( i ie sin 6. (61) 
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Seeking a solution for u, as 


uz (x, yn, t) = ef | s: KF. (q) + Si j sin @ F; (yn) + D (x) Fp @) | 


where 


2 
Fi (4) = > e7* r e",fors = |! 


wed ioe Oe co coe ae) Wea, Nap eege hn la | i 
“arait (= 1) “Se fe) 2 Re: 


-" 
= — (y + yo — 20), foro 4 1, m1 = et ...(62) 
" 
F,(y)= - “ e-", fors = 1 
a ] o? (2 — a) Cale a ont, Dagee 
7 (allel a 1) ae 
a / u/] 
age (y + yo — 2c), fors 4 1, 4, = cae ...(63) 
Fp (yn) = 1 — e-*, foro = 1 
mee en), foresee Tyne Te ...(64) 


These equations form a set of universal velocity profiles, where the suffix k 
denotes the longitudinal curvature effect, 7 denotes the transverse curvature effect and 
D denotes the displacement effect. 


The energy equation (29) after possible simplifications takes the form 


yw o'F, ys 1/2 
[s7. hrs ws =e(k+ : sin @) cos 8 (x) O%+e(+)! 


[a (Q, - nO) + (2 “e a) 0. (sine 


r 





1 QO! +2k -. sin @ 0% | ...(65) 


Seeking a solution for H, in the from 


Hs (x, n, t) = (ik + : sin a) cos @ zg, (0) + e( x i fh ‘[e 82 (n) 
J: Gast .(sin 6)? 
+ (4 sin 0) gs (n) + j(“2) 8, (») 


+k = sin @ gs (1) ] 
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where 
aed Y 


=) 
2, (yn) = te ae e724 ,fors = | 





4 
I —(3 + 4s — 7c -29 
ss Aloe LED eye — + (l— vVa)e" 


D(a aL cata Pcie) 








- Tees aye)! ], for « #1 .. (66) 
g2(u)= g er (1 + 3m) (67) 
R@= 3 er 1) _..(68) 
8. (0) = 3 ee tae) .-.(69) 
gs (n) = 4 gency 1) ...(70) 


where g, is the convection effect on the curved surface, 2, 83, 84 and g; are the effects 
proportional to the curvature. 


4. SKIN FRICTION AND HEAT TRANSFER 


Skin friction coefficient Cy is given by the formula 


(5), 


c= 4 2+ 
eae 





We have 
oe Dis ° 
C; (Fo Gr)! = 2c e! sin 6 {r° (0) + ( 1 ) ; | Ke; (0) +4 sina F; (0) 
D ; 
+ ©) Fi (0) |} atti} 
1 
where suffix w denotes the value of the expression at the wall. Ifgq, denotes the heat 


transfer rate at the surface and Nu, the Nusselt nubmer based on the characteristic 


length L of the flow, then 


Rice’: qu $; -(kKF) 
Me gata) ee a) 
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Hence 
Ni Fae {2 (0) +« ( aia + sin a) 0%, (0) 
+ [e (x + L sin @ | cos 6 g; (0) 


— ( ut | g. (0) + (Ze)! g(0) +/ Gaal (0) 


r 


+k sin og; |} + O(€). (72) 


5. APPLICATIONS 


The present theory is applied to the unsteady buoyancy induced two-dimensio- 
nal flow around a horizontal circular cylinder and axisymmetric flow around a sphere. 
Taking radius as the characteristic length L, and introducing the polar coordinates 
(R, 6) to get the outer flow, we have in the case of cylinder 


p= Ok=1,h,=1+y=R,h, =1,h3=1,x= 8. S(3) 
So, eqn. (15) takes the form 
F ay a e. ab\ 


Since Ys satisfies eqns. (74) and (55) with j = 0 and x = 6, and vanishes as R > co, 
we have 


P(x, th sae ( ib sine a foo (75) 
Therefore 

Ue (x, Ot) = (aR)... rele ( ~ i sin x ¢$ (ce) ...(76) 
and | 

Dye (=)? sin x ¢ (co). (77) 


In the case of a sphere also we arrive at the same ex 


pression for D (x) given in eqn. 
(77), where we have 


J=lkel1,h, = 1 +y= Rho 1,6 = x,r = sin x, 
hy = (1+ y)sin x = Rsin x. ...(78) 


The average Nusselt number Nu based on diameter d of the cylinder is 
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hd 1 d t . 
Nag ee ae el 
u K + El hax = 5-| Nuas 
0 0 
x te \- Fae Ve - 
s WEES 7 3 acre dtc (79) 
A similar averaging over the surface of the sphere will lead to the result 
APs nee. pees € 
Nus = fe | -1- - | ...(80) 


6. DISCUSSION 


It is to be noted that the first orderinner and outer solution of the velocity 
distribution are identically zero. This shows that in free convection flows the velocity 
distribution is of O (<). The velocity and temperature distributions are plotted in 
Figs. 2 to 5 for a typical value of Prandtl] number o = 1. Figure 2 shows the second 
order velocity profiles f and ¢ which indicate respectively the variation of u. and v, 
across the boundary layer. wu. reaches maximum when = 1.2. Figure 3 shows the 
third order velocity profiles. Fp denotes the contribution to the velocity due to dis- 
placement on the boundary layer. Its effect is very large compared with the curvature 
effects. The curvature contributions Fi. and F; are of O (10), whereas the contribu- 
tion of Fo is of O (1). 
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Fig. 2. Second order velocity profiles. Fic. 3. Third order velocity profiles. 


Figure 4 shows a plot of temperature profiles. Q, is the first order contribution 
which is due to transient conduction near the surface initially. ©Q, is the curvature 
effect. The terms proportional to kandjin the temperature distribution denote the 
longitudinal and transverse curvature effects. There is no effect due to the presence 
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Fic. 4. First and second order temperature profiles. 


of buoyancy force on the temperature even in the second order inner flow, since the 
first order convection velocities u; and v, vanish identically. 


The temperature profiles of the third order solutions g,, g., gs, g, and and g; are 
shown in Fig. 5. g, is the effect due to convection on the curved surtace which has 





Fic. 5. Third order temperature profiles. 


both longitudinal and transverse curvature, 


82, §3, 84 and g; are due to an interaction 
of the conduction terms and are independent 


of Prandtl number o. 
The variation of skin friction for 


; a fixed value of t = 0.5 is shown; es 
From equation (71) it is to be noted that in Fig. 6. 


the terms (III order) proportional to k, j and 
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Fic. 6. Cy (Fo G,)1!? versus o in the case of cylinder. 


D denote the contribution to skin friction due to longitudinal curvature, transverse 
curvature and displacement speed. These effect reduce the skin friction. As f increases 
the skin friction increases. 


A plot of Nusselt number versus Prandtl number is shown in Fig. 7. First and 
second order terms are independent of time. When the Prandtl number is very large 
higher order terms tend to zero, so that the first order solution becomes the asymptotic 
solution for large o. As ¢ increases rate of heat transfer increases. There is an increase 
in heat transfer rate at the surface of the body due to curvature. 
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Fic. 7. Nu versus o in the case of cylinder. 
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In the case of a circular cylinder anda sphere the displacement speed D (x) 
given in eqn. (77) when substituted in eqn. (71) will give the skin friction coefficient 
Cr. From egns. (79) and (80) it is to be noted that the average Nusselt number are 
functions of the Prandtl number c. As o ~ oo, the higher order effects vanish leaving 


the first order terms which is due to pure conduction. 


The present analysis is applicable as in the case of cylinder and sphere to any 
two-dimensional or axisymmetric body whose curvatures and displacement speeds are 


known. 
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